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REAL ANALYTIC METRICS ON S2 WITH TOTAL ABSENCE
OF FINITE BLOCKING
MARLIES GERBER AND LIHUEI LIU
Abstract. If (M, g) is a Riemannian manifold and (x, y) ∈ M ×M, then a
set P ⊂M \ {x, y} is said to be a blocking set for (x, y) if every geodesic from
x to y passes through a point of P. If no pair (x, y) in M ×M has a finite
blocking set, then (M, g) is said to be totally insecure. We prove that there
exist real analytic metrics h on S2 such that (S2, h) is totally insecure.
1. Introduction
Let (M, g) be a C∞ Riemannian manifold. In this paper, manifolds and surfaces
are assumed to be without boundary. We consider a geodesic on M as a mapping
γ : I →M, where I is an interval of positive length. The trace of γ, denoted tr(γ),
is the image of γ in M. Unless specified otherwise, we will assume that geodesics
are parametrized by arc length. If I = [a, b], x = γ(a), and y = γ(b), then γ is
said to be a geodesic from x to y. Two geodesics γi : Ii → M, i = 1, 2, will be
considered the same if and only if γ1 is equal to γ2 composed with a translation
that maps I1 onto I2. A subset P ⊂ M is called a blocking set for a collection of
geodesics Γ on M, if tr(γ) ∩ P 6= ∅ for every geodesic γ in Γ. If Γ consists of all
geodesics from x to y and there exists a finite blocking set P ⊂ M \ {x, y}, then
(x, y) is said to be secure; otherwise (x, y) is said to be insecure. The Riemannian
manifold (M, g) is defined to be secure if every pair (x, y) ∈ M is secure. If there
exists an insecure pair (x, y) ∈ M ×M, (M, g) is said to be insecure. Moreover, if
every pair (x, y) ∈M ×M is insecure, then (M, g) is defined to be totally insecure.
E. Gutkin and V. Schroeder [16] showed that flat metrics are secure, and it is
conjectured in [6, 19] that these are the only secure metrics. On the other hand,
there are many examples of totally insecure metrics [3, 6, 16, 19], and according
to [6], it is expected that “most” metrics are totally insecure. V. Bangert and
Gutkin [3] proved that any compact Riemannian surface of genus greater than one
is totally insecure. In case M is a compact surface of genus one, they showed
that there is a C2 open and C∞ dense collection of metrics on M that are totally
insecure. However, in the case of surfaces of genus zero, there were no previously
known examples of totally insecure metrics. Gerber and W.-K. Ku [15] showed that
on any compact Riemannian manifold M of dimension greater than one there is
a dense G-delta set of C∞ metrics, G, such that for each g ∈ G, there is a dense
G-delta subset R = R(g) of M ×M consisting of insecure pairs (x, y) for (M, g),
but this result only provides “generic” insecurity, not total insecurity. The main
theorem of our paper is that if M = S2 or P 2(R), then there exist real analytic
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metrics h on M such that (M,h) is totally insecure. We present the argument for
M = S2, and the case M = P 2(R) follows easily, as indicated in Remark 2.5.
The real analytic metrics h on S2 for which we prove total insecurity are obtained
in the same way as the metrics on S2 for which K. Burns and Gerber [8, 9] showed
that the geodesic flow is ergodic. Our proof relies on ideas in [3] and techniques in
non-uniform hyperbolicity [4, 18]. Burns and Gutkin [6] and, independently, J.-F.
Lafont and B. Schmidt [19] showed that compact Riemannian manifolds (of any
dimension) with no conjugate points whose geodesic flows have positive topological
entropy are totally insecure. In the special case of a compact manifold with negative
curvature the methods in [3] provide a different proof of total insecurity. A key step
in our paper is to show that there is a closed h-geodesic ρ such that for any pair
(x, y) ∈ S2 × S2 there is an infinite sequence of h-geodesics (γn) from x to y that
stay arbitrarily close to ρ except during a uniformly bounded amount of time at
the beginning and at the end of their parameter intervals. (See Proposition 6.9 for
a precise statement.) This condition is essentially taken from [3], and it is easy to
establish if (S2, h) is replaced by a manifold of negative curvature and ρ is replaced
by any closed geodesic. (For manifolds of negative curvature, the first statement in
Proposition 6.6 is also easy to prove, for any closed geodesic ρ, but the analog of
Proposition 6.9 can be proved directly.)
According to Proposition 6.6, for each (x, y) ∈ S2 × S2, there are h-geodesics
γ+ : [0,∞)→ S2 and γ− : (−∞, 0]→ S2 with γ+(0) = x and γ−(0) = y such that
γ+ is asymptotic to the closed h-geodesic ρ as t → ∞ and γ− is asymptotic to ρ
as t→ −∞ (as in Definition 3.3). The sequence of geodesics (γn) mentioned above
is obtained by finding small perturbations γ+n and γ
−
n of γ
+ and γ−, respectively,
and large positive t+n and t
−
n such that γ
+
n |[0, t+n ] and γ−n |[−t−n , 0] can be smoothly
joined at γ+n (t
+
n ) = γ
−
n (−t−n ).
We show (in Proposition 6.11) that no one-element set {z} can be a blocking
set for any infinite collection of geodesics in (S2, h) of uniformly bounded length
starting at a point x. This is clearly true if (S2, h) is replaced by a manifold with
no conjugate points. However, any Riemannian metric on S2 must have conjugate
points (Remark 3.4 in Chapter 7 of [11]). In fact, for the metrics from [9], there are
conjugate points along any geodesic segment that passes through a cap (as defined
in Section 2 below). Our proof of Proposition 6.11 relies on the real analyticity of
the metric.
The proof of Proposition 6.6 utilizes the fact that the geodesic flow for (S2, h) is
topologically transitive (which follows from the ergodicity with respect to Liouville
measure), but ergodicity is not used in any other way.
2. Construction of Totally Insecure Real Analytic Metrics on S2
We describe the construction of real analytic metrics on compact surfaces with
ergodic geodesic flow, as in [9]. Let S be a compact surface with a real analytic
differentiable structure, and let g be a C∞ metric on S that satisfies the following
conditions:
(1) There is a finite (non-empty) disjoint collection of monotone curvature caps
Ci, i = 1, . . . , q, (as defined below) such that S \ (∪qi=1Ci) has negative
curvature with respect to g.
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(2) If s is the signed distance from the boundary of a cap C = Ci, for i ∈
{1, . . . , q}, with s > 0 in the interior of C, then the curvature with respect
to g is s for points in a neighborhood of ∂C.
Note that assumption (2) implies that g is real analytic in a neighborhood of ∂C.
Metrics satisfying (1) and (2) exist on every compact real analytic surface S. (See
Section 1 of [9].) Such metrics are viewed as having “almost negative curvature,”
since many of the properties of geodesic flows on surfaces of negative curvature
extend to metrics of this type. They are of interest primarily in the case of surfaces
of genus zero or one, which do not support metrics of negative curvature.
A cap is defined to be a closed two-dimensional disk with nonnegative curvature
such that the boundary circle is the trace of a real analytic geodesic. We say that
a cap C has monotone curvature if it is radially symmetric and its curvature is a
nondecreasing function of the distance from the boundary of C.
Real analytic metrics h with ergodic geodesic flow are obtained from the following
two theorems in [9]. The proof of Theorem 2.2 is based on Cartan’s theorem B [10].
Theorem 2.1. Let S be a compact surface with a real analytic differentiable struc-
ture, and let g be a C∞ Riemannian metric on S satisfying the above conditions
(1) and (2). Choose an open neighborhood Υi of ∂Ci for i = 1, . . . , q, and let
Υ = ∪qi=1Υi. Let H1 be the collection of C3 Riemannian metrics on S that agree
with g to second order on ∂Ci, i = 1, . . . , q. Then there exist a C2 open neighborhood
H2 of g in the set of C
3 Riemannian metrics on S, and a C3 open neighborhood H3
of g|Υ in the set of C3 Riemannian metrics on Υ, such that the following holds: If
h ∈ H1 ∩ H2 and h|Υ ∈ H3, then the geodesic flow for h on T 1,hS is ergodic with
respect to Liouville measure.
Theorem 2.2. Let S be a compact surface with a real analytic differentiable struc-
ture, and let g be a C∞ Riemannian metric on S. Suppose that Γ is a union of
disjoint closed real analytic curves on S and there exists a neighborhood U of Γ on
which g is real analytic. Then for any positive integer k there exists a real analytic
metric h on S such that g and h agree up to order k on Γ. Moreover, h can be taken
arbitrarily close to g in the C∞ topology.
The main result of this paper is the following:
Theorem 2.3. If S, g, Υ, and H1 are as in Theorem 2.1, then there exist a C
2
open neighborhood H′2 of g in the set of C
3 Riemannian metrics on S, and a C3
open neighborhood H′3 of g|Υ in the set of C3 Riemannian metrics on Υ, such that
the following holds: If h ∈ H1 ∩H′2 and h|Υ ∈ H′3, then (S, h) is totally insecure.
It follows from Theorem 2.2 that the set of real analytic metrics h that satisfy
the conclusions of Theorems 2.1 and 2.3 is nonempty. In particular, we obtain the
following corollary.
Corollary 2.4. If S is a compact surface with a real analytic differentiable struc-
ture, then there exist real analytic metrics h on S such that (S, h) is totally insecure.
Theorem 2.3 and Corollary 2.4 are only of interest in the case S = S2 or P 2(R),
since totally insecure metrics for positive genus surfaces were already obtained in
[3], as described in our introduction.
Remark 2.5. Suppose P is a non-orientable compact real analytic surface and S is
its orientable double cover, with covering map π : S → P. It follows easily from
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the definition of total insecurity that for any Riemannian metric hP on P, (P, hP )
is totally insecure if (S, π∗hP ) is totally insecure (see Proposition 1 in [16]). This
observation allows us to reduce Theorem 2.3 to the case in which the surface is
orientable.
Throughout the rest of this paper we will assume that S is a compact orientable
surface with a real analytic differentiable structure and g, Υ, H1, H2, and H3 are
as in Theorem 2.1. As observed above, the reader may as well assume that S = S2,
although this does not matter for the proof. Furthermore, we will assume that h is
a real analytic metric with h ∈ H1∩H′2 and h|Υ ∈ H′3, where H′2 ⊂ H2 is a C2 open
neighborhood of g in the set of C3 Riemannian metrics on S, and H′3 ⊂ H3 is a C3
open neighborhood of g|Υ in the set of C3 Riemannian metrics on Υ. Additional
requirements on H′2 and H
′
3 will be imposed later in this section and in Section 3.
Since h agrees with g to second order on ∂Ci, for i = 1, . . . , q, each ∂Ci is the
trace of a closed geodesic for h, as it is for g.We require H′2 and H
′
3 to be sufficiently
small so that for h ∈ H1 ∩ H′2, and h|Υ ∈ H′3, the curvature for h is positive in
int(∪qi=1Ci) and negative in N , which is defined by
(2.1) N = S \ (∪qi=1Ci) .
For our argument, we need a closed h-geodesic ρ such that for any (x, y) ∈ S×S,
there is a family of h-geodesics (γn)n=1,2,... which accumulate near ρ, as described
in Proposition 6.9. Any simple closed geodesic along one of ∂Ci, i ∈ {1, . . . , q},
and any closed geodesic whose trace lies in N could serve as ρ. In our argument,
we choose to work with a closed geodesic in N , because the estimates required to
prove the analog of Proposition 6.6 for a geodesic along one of ∂Ci are more difficult,
due to the fact that the curvature of the surface vanishes on ∂Ci. (Proposition 6.6
remains true for ρ replaced by a geodesic along one of ∂Ci, except in the last line
we would either have to replace τ2(γ̂v+) and τ2(γ̂v−) by |τ2(γ̂v+)| and |τ2(γ̂v−)|,
respectively, or require that the Fermi coordinates along ∂Ci be chosen so that
τ2 > 0 for points near ∂Ci that lie in N . This modification is needed, because no
geodesic can be asymptotic to a geodesic along ∂Ci while remaining in int Ci. No
additional difficulties in the proof of Theorem 2.3 are caused by this modification.)
We can find a closed g-geodesic ρ0 inN by applying the Birkhoff curve-shortening
procedure [5, 13] (for the metric g) to a closed curve α in N that is not homotopic
within N to a point or to any of the boundary components of N . Since each
boundary component of N consists of the trace of a simple closed geodesic, it
follows that for any two points x, y ∈ N with distg(x, y) < r, where r is the
injectivity radius of (S, g), the length minimizing g-geodesic γ from x to y must
have tr(γ) ⊂ N . If we start the curve-shortening procedure by partitioning α into
segments of length less than r, then all of the curves obtained from α with this
procedure, as well as the limiting curve, remain in N . Moreover, all of these curves
are homotopic to α within N . The limiting curve is a closed g-geodesic ρ0 in N .
Since the orbit of the geodesic glow for g along ρ0 is transversally hyperbolic, it
follows that if H′2 is a sufficiently small C
2 neighborhood of g, there is a closed
h-geodesic ρ = ρ(h) that is C3 close to ρ (although we only need it to be C0 close
to ρ). The neighborhood H′2 can be chosen so that disth
(
tr(ρ),∪qi=1Ci
)
is uniformly
bounded away from 0 for all h ∈ H′2.
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It is possible that there is no simple closed geodesic in N . For example, if S is S2
with three caps, then any simple closed geodesic in N would be homotopic to the
boundary of one of the caps, which is impossible by the Gauss-Bonnet Theorem.
There is another type of closed geodesic that may occur, namely one that passes
through the interior of one or more of the caps. However, the conjugate points that
occur along such a geodesic prevent it from being a suitable choice for ρ in our
argument.
Henceforth, unless otherwise specified, we will assume that geodesics, geodesic
flow, distances, lengths of vectors, curvature, etc., for S are taken with respect to
h. For x ∈ S and v ∈ T 1xS, let γv denote the geodesic with γv(0) = x and γ′v(0) = v.
Let ϕt, t ∈ R, be the geodesic flow on T 1S.
3. Stable and Unstable Cone Fields
We will define stable and unstable cone fields at each v ∈ T 1S. These cone fields
are essentially the same as those in [9], except that the definitions are extended to
be valid inside the caps. The idea of extending the cone fields into the caps and
obtaining continuous stable and unstable line fields (as in our Lemma 4.3) already
appeared in V. Donnay’s proof of the existence of C∞ metrics on S2 with ergodic
geodesic flow [14], but the real analytic case is different, because we no longer have
invariance of the K+ cones (see Definition 3.1) from the time that a geodesic enters
a cap until it exits the cap.
The Riemannian metric h = 〈·, ·〉 on S induces a Riemannian metric on TS :
〈〈ξ, η〉〉 = 〈ξH , ηH〉+ 〈ξV , ηV 〉,
where H and V denote the horizontal and vertical components, respectively (see,
e.g., Chapter 3, Exercise 2 in [11]). We will identify ξ ∈ TTS with (ξH , ξV ). If
x ∈ S, w ∈ T 1xS, and ξ ∈ TwT 1S, then 〈ξV , w〉 = 0. For w ∈ T 1xS, we let P(w) be
the two-dimensional subspace of TwT
1S defined by
(3.1) P(w) = {ξ ∈ TwT 1S : 〈ξH , w〉 = 0}.
We defineH,V coordinates on P(w) by choosingN ∈ T 1xS such that 〈N,w〉 = 0 and
letting ξ = (ξH , ξV ) ∈ P(w) have coordinates (λ1, λ2) if ξH = λ1N and ξV = λ2N.
If N is replaced by −N, then the coordinates change from (λ1, λ2) to (−λ1,−λ2),
but this does not matter for the cones and the lines through 0 in P(w) that we
consider below. The distribution w 7→ P(w), w ∈ T 1S, is orientable, because we
may specify that the ordered pair of vectors given inH,V coordinates by (1, 0), (0, 1)
is positively oriented. This orientation does not depend on the choice of N.
Suppose w0 ∈ T 1xS, ξ ∈ Tw0T 1S, and w(s) ∈ T 1p(s)S, −s0 < s < s0, is a curve in
T 1S that is tangent to ξ at w0 = w(0) when s = 0. Then J(t) = (d/ds)|s=0γw(s)(t)
is a Jacobi field along γw0 with J(0) = ξH , J
′(0) = ξV and ((dϕ
t(ξ))H , (dϕ
t(ξ))V ) =
(J(t), J ′(t)). In particular, if ξ ∈ P(w0), then 〈J(0), γ′w0(0)〉 = 0 = 〈J ′(0), γ′w0(0)〉,
which implies that 〈J(t), γ′w0(t)〉 ≡ 0. Thus 〈(dϕt(ξ))H , dϕt(w0)〉 ≡ 0, i.e., the
distribution w 7→ P(w) is invariant under the geodesic flow. Moreover, the orbits
of the geodesic flow are orthogonal to the distribution w 7→ P(w), since ηH = w0
and ηV = 0 if η = (D/dt)|t=0ϕt(w0).
Now assume that the curve w(s), as above, is a C1 regular curve in T 1S that is
everywhere tangent to the distribution P (i.e., w′(s) ∈ P(w(s)) for −s0 < s < s0).
Then w(s) is a unit normal field along the curve p(s) in S. (Throughout this paper,
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a regular curve will mean a curve whose derivative is nowhere vanishing.) The
signed curvature k(s) of p(s) with respect to the unit normal field w(s) is defined
by
(3.2) k(s) = − 1|p′(s)|2
〈
D(p′(s))
ds
, w(s)
〉
=
1
|p′(s)|2
〈
p′(s),
D(w(s))
ds
〉
.
Our choice of sign is such that unstable [stable] curves (to be defined in Section 4)
that lie outside the caps have positive [negative] curvature. The second equality in
(3.2) follows from the fact that 〈p′(s), w(s)〉 ≡ 0.
If J(t) is a perpendicular Jacobi field along γw0 , we may write J(t) = j(t)N(t),
where N(t) is a continuous unit normal field along γw0(t), and j(t) satisfies the
scalar Jacobi equation
j′′(t) +K(γw0(t))j(t) = 0,
where K is the Gaussian curvature. If w(s), −s0 < s < s0, with w(0) = w0, is a C1
regular curve in T 1S that is everywhere tangent to P and J(t) = (d/ds)|s=0γw(s)(t) =
j(t)N(t), then
J ′(t) = (D/dt)(d/ds)|s=0γw(s)(t) = (D/ds)|s=0(dϕt(w(s))),
and j′(t)/j(t) = 〈J(t), J ′(t)〉/|J(t)|2. From the second version of the formula for
k(s) in (3.2), it follows that j′(t)/j(t) is equal to the signed curvature at s = 0 of
the curve s 7→ γw(s)(t) with respect to the unit normal field ϕt(w(s)). If m(t) =
j′(t)/j(t), the slope of dϕt(w′(0)) in the H,V coordinate system, then m(t) satisfies
the Riccati equation
(3.3) m2(t) +m′(t) +K(γw0(t)) = 0.
The Riccati equation can be transformed by setting θ = tan−1(m), to obtain
(3.4) θ′(t) + sin2(θ(t)) +K(γw0(t)) cos
2(θ(t)) = 0.
Here θ ∈ R/πZ, which we identify with (−π/2, π/2].
Definition 3.1. For w0 ∈ T 1xS, we define cones K+w0 ,K−w0 ⊂ P(w0) by
K+w0 = {ξ ∈ P(w0) : 〈ξH , ξV 〉 ≥ 0} and K−w0 = {ξ ∈ P(w0) : 〈ξH , ξV 〉 ≤ 0}.
The K+w0 cones correspond to perpendicular Jacobi fields with jj′ ≥ 0. If the cur-
vature is nonpositive along γw0(t) for t0 ≤ t ≤ t1, then (j(t)j′(t))′ = (j′(t))2 −
K(γw0(t))(j(t))
2 ≥ 0 for t0 ≤ t ≤ t1. This implies that
(3.5) dϕt1−t0K+γ′w0 (t0) ⊂ K
+
γ′w0(t1)
and dϕt0−t1K−γ′w0(t1) ⊂ K
−
γ′w0 (t0)
.
If, in addition, the curvature is negative at a point γw0(t), for some t ∈ [t0, t1], then
(3.6) dϕt1−t0K+γ′w0 (t0) ⊂ intK
+
γ′w0 (t1)
and dϕt0−t1K−γ′w0(t1) ⊂ intK
−
γ′w0(t0)
,
where intK, for a cone K ⊂ P(w1), means the topological interior of K within
P(w1) together with 0 ∈ Tw1T 1S.
For each cap Ci, i = 1, . . . , q, we choose closed disks Di and Ei in S that are
radially symmetric about the center of Ci for the C∞ metric g such that Ci ⊂ intDi
and Di ⊂ int Ei. We require that Ei ∩Ej = ∅ if i 6= j, and that the closed h-geodesic
ρ constructed in Section 2 lie in S \ (∪qi=1Ei). Since the curvature for g is negative
in Ei \ Ci, distg(γ(t), ∂Ci) is a strictly convex function of t for any g-geodesic γ in
Ei \ Ci. This implies that there exists β˜i > 0 such that for any g-geodesic γ with
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ξV w(s)
w(s)
w0
w0
ξH
ξH
ξV
Figure 3.1. The tangent vector ξ = (ξH , ξV ) at w0 to the curve
w(s) in T 1S is in K+w0 for the curve on the left and is in K−w0 for
the curve on the right.
γ(0) ∈ ∂Di and γ′(0) either tangent to ∂Di or γ′(0) pointing strictly out of Di
(i.e., γ′(0) and Di are on opposite sides of the tangent line to ∂Di at γ(0)), we
have γ((0, β˜i)) ⊂ S \ Di. We will assume that H′2 is sufficiently small (i.e., h is
sufficiently close to g in the C2 topology) such that the analogous property holds
with g-geodesics replaced by h-geodesics and β˜i replaced by some βi > 0. We will
refer to this property (for the h-metric) as the strong convexity of Di.
If x ∈ int Ci and v ∈ T 1xS, then there exist a, b, â, b̂ with a < â < 0 < b̂ < b, such
that γv(t) ∈ int Ci for t ∈ (â, b̂), γv(t) ∈ int(Di \ Ci) for t ∈ (a, â)∪ (̂b, b), and γv(a),
γv(b) ∈ ∂Di. That is, γv exits Ci in both positive and negative time, and once it
exits Ci (in either positive or negative time) it exits Di without first re-entering
Ci. This follows from Propositions 2.4 and 4.3 in [9], provided that g and h are
sufficiently close in the C2 topology, and g|Υi and h|Υi are sufficiently close in the
C3 topology, where Υi is as in Theorem 2.1.
Lemma 3.2. Let C = Ci and D = Di for some i ∈ {1, . . . , q} be as above. Let
Υ be as in Theorem 2.1. If H′2 and H
′
3 are sufficiently small (i.e., g and h are
sufficiently close in the C2 topology, and g|Υ and h|Υ are sufficiently close in the
C3 topology), then for any geodesic γ in (D, h) with γ(t) ∈ intD for t ∈ (a, b) and
γ(a), γ(b) ∈ ∂D, we have
(3.7) dϕb−aγ′(a)(K+γ′(a)) ⊂ K+γ′(b).
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Moreover, if γ(t) ∈ int C for t ∈ (â, b̂) and γ(â), γ (̂b) ∈ ∂C, where a < â < b̂ < b,
then
(3.8) dϕb̂−aγ′(a)(K+γ′(a)) ⊂ K+γ′(̂b).
Proof. If tr(γ) does not intersect C, then (3.7) follows from (3.5), because the cur-
vature is negative in D \ C. The idea for the proof of the K+ invariance property in
(3.7) in the case that tr(γ) intersects C is that the h-geodesic γ can be approximated
by a g-geodesic that also passes through C. From Proposition 2.7 in [9] we know
that from the time that the corresponding g-geodesic enters C to the time that it
exits C we have invariance of the K+ cones under the derivative of the geodesic flow
for g. This invariance property can be destroyed when the metric g is replaced by
the metric h. However, following γ for additional time before and after it enters
C, while it is in the negative curvature region D \ C, allows us to recover the K+
invariance in (3.7). This is proved in detail in Section 4 of [9]. (See Proposition
4.10 of [9].) Moreover, the estimates in Propositions 4.8, 4.9, and 4.10 in [9] show
that it is actually enough to follow γ just for additional time before it enters C,
which leads to the containment in (3.8). 
Definition 3.3. A geodesic γ1 : [a1,∞)→ S is said to be asymptotic as t→∞ to
a closed geodesic γ2 : [a2, b2] → S if there exists t0 ∈ R such that, after extending
the domain of γ2 to (−∞,∞), we have
(3.9) lim
t→∞
dist(γ1(t), γ2(t0 + t)) = 0.
Similarly, a geodesic γ1 : (−∞, a1] → S is said to be asymptotic as t → −∞ to
a closed geodesic γ2 if there exists t0 ∈ R such that (3.9) holds with “limt→∞”
replaced by “limt→−∞”.
From the usual procedure for constructing horocycles in regions of nonpositive
curvature (see, e.g.,[17]), we know that for each x ∈ Di \ Ci there are exactly two
vectors vx,j ∈ T 1xS, j = 1, 2, corresponding to the two possible orientations on ∂Ci,
such that γvx,j (t) ∈ int(Di \ Ci) for all t < 0, and γvx,j is asymptotic to a closed
geodesic along ∂Ci as t→ −∞. If x ∈ int(Di \ Ci) and w ∈ T 1xS, w 6= vx,j, j = 1, 2,
then γw(t) exits Di in negative time, and one of the following must occur:
(1) There exists a < 0 such that γw(t) ∈ int(Di \ Ci) for t ∈ (a, 0] and γw(a) ∈
∂Di; or
(2) There exist a < c < d < 0 such that γw(t) ∈ int(Di\Ci) for t ∈ (a, c)∪(d, 0],
γw(t) ∈ int Ci for t ∈ (c, d), and γw(a) ∈ ∂Di.
If x ∈ Ci and w ∈ T 1xS are such that w is not tangent to ∂Ci, then again γw(t) exits
Di in negative time and we have:
(3) There exist a < c ≤ 0 such that γw(t) ∈ int(Ci) if c < t < 0, γw(t) ∈
int(Di \ Ci) for t ∈ (a, c), and γw(a) ∈ ∂Di.
Definition 3.4. If x ∈ intD for D = Di, i ∈ {1, . . . , q}, and w ∈ T 1xS is such that
there exists a < 0 with γw(t) ∈ intD for t ∈ (a, 0] and γw(a) ∈ ∂D, we define the
unstable cone Kuw by
Kuw = dϕ−aK+γw(a).
For all other w ∈ T 1S, we define
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Kuw = K+w .
Similarly, if x ∈ intD for D = Di, i ∈ {1, . . . , q}, and w ∈ T 1xS is such that there
exists b > 0 with γw(t) ∈ intD for t ∈ [0, b) and γw(b) ∈ ∂D, we define the stable
cone Ksw by
Ksw = dϕ−bK−γw(b).
For all other w ∈ T 1S, we define
Ksw = K−w .
With these definitions, it follows from (3.5) and (3.7) that the unstable [stable]
cones are invariant for dϕt, t ≥ 0 [t ≤ 0]. That is,
(3.10) dϕtKuw ⊂ Kuϕtw, for t ≥ 0,
and
(3.11) dϕtKsw ⊂ Ksϕtw, for t ≤ 0.
Moreover, by (3.6), if the basepoint of ϕtw, for some t between 0 and t, lies in N0,
defined by
(3.12) N0 = S \ (∪qi=1Di) ,
then we have
(3.13) dϕtKuw ⊂ intKuϕtw, if t > 0
and
(3.14) dϕtKsw ⊂ intKsϕtw, if t < 0.
w
ϕtw
Ku(w)
Ku(dϕtw)
dϕt(Ku(w))
γw
P(w) P(ϕ
tw)
Figure 3.2. Invariance of Ku cones under dϕt
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The following lemma will be used to prove a transversality condition that is
needed in Lemma 6.7.
Lemma 3.5. For all w ∈ T 1S, we have
(3.15) intKuw ∩ intKsw = {0}.
Proof. If w ∈ T 1xS for x ∈ S \ (∪qi=1 intDi), then (3.15) is clear, because Kuw = K+w
and Ksw = K−w . If x ∈ ∪qi=1 intDi, (3.15) follows from the definition of the stable
and unstable cones and (3.7) in Lemma 3.2. 
The unstable cone field is continuous at those v ∈ T 1xS where one of the following
holds:
(1) x ∈ (∪qi=1 int Ci) ∪ (S \ (∪qi=1Di)).
(2) For some i ∈ {1, . . . , q}, x ∈ ∂Ci and v is not tangent to ∂Ci.
(3) For some i ∈ {1, . . . , q}, x ∈ int(Di \ Ci) and v 6= vx,1, vx,2, where vx,1, vx,2
are as defined above.
(4) For some i ∈ {1, . . . , q}, x ∈ ∂Di and v points strictly into Di (that is, v is
not tangent to ∂Di, and v and Di lie on the same side of the tangent line
to ∂Di at x).
Analogous conditions can be given that guarantee that the stable cone field is
continuous at certain vectors v ∈ T 1xS.
Definition 3.6. If v 7→ Kv ⊂ P(v) is a cone field defined for v in a neighborhood
of v0 in T
1S such that each Kv is closed, then we say that this cone field is upper
semi-continuous at v0 if the following holds: for any sequence of vectors (vn)n=1,2,...
in this neighborhood of v0 and a corresponding sequence (ξn)n=1,2,... with ξn ∈ Kvn
such that limn→∞ vn = v0 and limn→∞ ξn = ξ0, we must have ξ0 ∈ Kv0 .
Lemma 3.7. The unstable and stable cone fields v 7→ Kuv and v 7→ Ksv given in
Definition 3.4 are upper semi-continuous on (T 1S) \ (∪qi=1T 1(∂Ci)).
Proof. We will prove this for the unstable cone field. The proof for the stable
cone field is similar. Let v0 ∈ T 1xS be such that v0 is not tangent to any of ∂Ci,
i = 1, . . . , q. The following two cases are not covered by the above cases (1)-(4), at
which we have continuity:
(i) For some i ∈ {1, . . . , q}, x ∈ ∂Di and v0 is either tangent to ∂Di or points
strictly out of Di.
(ii) For some i ∈ {1, . . . , q}, x ∈ int(Di \ Ci) and v0 ∈ {vx,1, vx,2}.
Case (i). In this case, Kuv0 = K+v0 . For v close to v0 with basepoint in S \ intDi,
or with basepoint y ∈ intDi and v ∈ {vy,1, vy,2}, we have Kuv = K+v . Thus it suffices
to consider v close to v0 with basepoint in intDi and γv not asymptotic to ∂Ci as
t→ −∞. Let a = a(v), b = b(v), a < 0, be such that γv((a, b)) ⊂ intDi and γv(a),
γv(b) ∈ ∂Di. If v is close to v0, then b is close to 0. Thus Kuv = dϕ−aγ′(a)K+γ′(a) is close
to Kuγ′(b) = dϕb−aγ′(a)K+γ′(a), which is contained in K+γ′(b), by (3.7) in Lemma 3.2. This
establishes upper semi-continuity at v0.
Case (ii). Again we have Kuv0 = K+v0 . Moreover, γv0 is asymptotic to a closed
geodesic along ∂Ci as t→ −∞. For v close to v0 such that γv is also asymptotic to
∂Ci as t→ −∞, we have Kuv = K+v . There are two other possibilities: If v is close to
v0 and γv exits Di in negative time without first entering Ci, then Kuv ⊂ K+v by (3.5).
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If v is close to v0 and γv passes through Ci in negative time before exiting Di, let
a < â < b̂ < 0 be such that γv([a, 0)) ⊂ Di, γv([â, b̂]) ⊂ Ci, γv(a) ∈ ∂Di, and γv(â),
γv (̂b) ∈ ∂Ci. Then, by (3.8) in Lemma 3.2, we have Kuγ′(̂b) = dϕb̂−aK
+
γ′(a) ⊂ K+γ′(̂b).
Thus Kuv = dϕ−b̂Kuγ′ (̂b) ⊂ dϕ−b̂K
+
γ′(̂b)
⊂ K+v , where the last inclusion is by (3.5).
Therefore we have upper semi-continuity at v0. 
Definition 3.8 and Remark 3.9 below will be used to obtain upper bounds on
the Lyapunov function defined in Section 4, while Definitions 3.10 and 3.12 and
Lemma 3.11 will be needed in Propositions 6.6 and 6.9.
Definition 3.8. For i ∈ {1, . . . , q}, let Zi = (T 1(∂Ci))∪{v ∈ T 1xS : x ∈ Di and v ∈
{vx,1, vx,2}}.
Remark 3.9. The Kuw cone angle can approach 0 as w approaches ∪qi=1Zi, but
if v ∈ (T 1S) \ (∪qi=1Zi), then there exists an open neighborhood U of v and an
α = α(U) > 0 such that the cone angle of Kuw is at least α for all w ∈ U . Thus, if
W is a compact subset of (T 1S) \ (∪qi=1Zi), then there is a positive lower bound
for the cone angles of Kuw for w ∈ W .
Definition 3.10. Let x ∈ D = Di ⊂ int E = int Ei, for some i ∈ {1, . . . , q}. If x is
not the center of D in the radially symmetric g-metric, let γ be the g-geodesic from
x to a point on ∂E that is of length distg(x, ∂E). Then the unit vector v0 in the
h-metric that is a positive multiple of γ′(0) is called a radial vector at x. If x is the
center of D, then any v0 ∈ T 1xS is called a radial vector at x. (As usual, if we do
not specify the metric, T 1S refers to unit vectors for h.)
Lemma 3.11. There exist positive numbers ǫ and R such that if x ∈ ∪qi=1Di and
v0 is a radial vector at x, then for any v ∈ T 1,hx S with disth(v, v0) < ǫ, we have
v /∈ ∪qi=1Zi and dϕtv(H = 0) ⊂ intKuϕt(v), for t ≥ R. Here H = 0 means the line in
P(v) with H coordinate identically 0.
Proof. Let Ri be the radius of Ei in the g-metric, and let R = max(R1, . . . , Rq).
Suppose x ∈ Di and let C = Ci, D = Di, and E = Ei. Let γg be the (unit speed)
g-geodesic with γg(0) = x and γ
′
g(0) a positive multiple of the radial vector v0.
Let γh be the h-geodesic with γh(0) = x and γ
′
h(0) = v for some v ∈ T 1xS with
disth(v, v0) < ǫ, where we describe the choice of ǫ later in the argument. We consider
the solutions θg [respectively, θh] to the transformed Riccati equation (3.4) along
γg [γh] with θ = θg [θh] and K = Kg [Kh], the curvature with respect to the g [h]
metric. Assume θg and θh satisfy the initial condition θg(0) = π/2 = θh(0). The
condition θh(0) = π/2 corresponds to the line H = 0 in P(v).
First we consider the case x ∈ C. Then there exist times t0 = t0(x), t1 = t1(x),
t2 = t2(x), −2R < t2 < 0 ≤ t0 < t1 ≤ R, such that for t ≥ 0, γg(t) exits C at time
t0 and γg exits E at time t1, and for t ≤ 0, γg(t) exits E at time t2. It follows from
Lemma 2.5 in [9] that 0 ≤ θg(t0) ≤ π/2. Since Kg(t) is negative for t0 < t ≤ t1,
we obtain 0 < θg(t1) < π/2. Moreover, by a compactness argument, there is a
δ ∈ (0, π/2) such that δ < θg(t1) < (π/2) − δ, for t1 = t1(x), for all x ∈ Ci. For
ǫ sufficiently small and H′2 sufficiently small (i.e., h sufficiently C
2 close to g), we
obtain 0 < θh(t1) < π/2. In addition, we may assume that γh(t1) is sufficiently
close to γg(t1) that γh(t1) ∈ S \ (∪qj=1Dj), which implies that Kuγ′
h
(t1)
= K+γ′
h
(t1)
.
Thus 0 < θh(t1) < π/2 implies that dϕ
t1
v (H = 0) ⊂ intKuϕt1 (v). By the invariance
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of the unstable cones it follows that dϕtv(H = 0) ⊂ intKuϕt(v), for t ≥ R. We may
also assume that θh(t2) ∈ S \ (∪qj=1Dj), which implies that v /∈ ∪qi=1Zi.
Now consider the case x ∈ D\C. Again let t1 = t1(x), 0 < t1 < R, be the time at
which γg exits E . Since Kg(t) is negative for 0 ≤ t ≤ t1, we have 0 < θg(t1) < π/2,
and the rest of the argument proceeds as in the case x ∈ C. 
Definition 3.12. If x ∈ ∪qi=1Di , and v ∈ T 1x (S) is such that disth(v, v0) < ǫ,
where v0 is a radial vector at x and ǫ is as in Lemma 3.11, then v is said to be an
approximately radial vector at x. A C1 regular curve σ(t), a1 ≤ t ≤ a2, a1 < a2,
in (T 1S) \ ( ∪qi=1 T 1(∂Ci)), is defined to be an approximately stable [approximately
unstable] curve if σ′(t) is in Ksσ(t)[Kuσ(t)], for all t ∈ [a1, a2].
Remark 3.13. It follows from Lemma 3.11 that if x ∈ ∪qi=1Di and σ(s), a1 ≤ s ≤ a2,
a1 < a2, is a C
1 regular constant basepoint curve in T 1x (S) such that each σ(s) is
an approximately radial vector, then ϕt(σ(s)), a1 ≤ s ≤ a2, is an approximately
unstable curve for t ≥ R. To see this, note that σ′(s) = (ξH(s), ξV (s)), where
ξH(s) ≡ 0.
4. Lyapunov Function and Line Fields
We now introduce a Lyapunov function Q = Qw : P(w)→ R for each w ∈ T 1S.
As we will see in (4.2) below, Q is monotone increasing along the orbits of the
geodesic flow. This Lyapunov function will be used to prove that stable and unstable
cones intersect down to lines in Lemma 4.1. Similarly constructed line fields in
[8, 9] were only shown to exist on some set of full measure, while Lemma 4.1 shows
existence everywhere. Moreover, Lemma 4.3 shows continuity of these line fields
at all vectors in T 1S except those that are tangent to the boundary of one of the
caps. Our use of Lyapunov functions and the methods in this section are based on
ideas in [18, 4].
For each w ∈ T 1S, let Ui = Ui(w), i = 1, 2, be a basis for P(w) such that the
unstable cone at w is given byKu(w) = {λ1U1+λ2U2 : λ1λ2 ≥ 0}.We require U1, U2
to be positively oriented (using the orientation on P(w) given near the beginning of
Section 3), ||U1|| = ||U2||, and the parallelogram determined by U1 and U2 to have
unit area. This determines U1, U2 uniquely up to a simultaneous change of sign in
both U1 and U2. If Kuw = K+w , we let U1 and U2 have H,V coordinates (1, 0) and
(0, 1), respectively. For w ∈ T 1S and t ∈ R, let
A = A(w, t) =
(
a(w, t) b(w, t)
c(w, t) d(w, t)
)
be the matrix for dϕt : P(w) → P(ϕtw) with respect to the bases U1(w), U2(w)
and U1(ϕ
t(w)), U2(ϕ
t(w)). Since dϕtw : P(w) → P(ϕtw) is area-preserving and
orientation-preserving, detA(w, t) = 1. The inclusion (3.10) implies that if t ≥ 0,
then either all the entries of A(w, t) are nonnegative or all the entries are non-
positive. (Which case occurs may depend on t.) Moreover if t > 0 and (3.13)
holds, then all the entries of A(w, t) are strictly positive or all the entries are
strictly negative. In our calculations, it does not matter if A(w, t) is replaced
by −A(w, t). Therefore, we may assume that for t ≥ 0, all of the entries of
A(w, t) are nonnegative. We define a Lyapunov function Q = Qw : P(w) → R
by Q(λ1U1(w) + λ2U2(w)) = sgn(λ1λ2)
√|λ1λ2| . Then Qw(ξ) ≥ 0 if and only if
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ξ ∈ Kuw. Thus, by Lemma 3.5, Qw(ξ) ≤ 0 if ξ ∈ Ksw. We define F = Fw : P(w)→ R
by F (λ1U1(w) + λ2U2(w)) = λ1λ2.
Let ξ = λ1U1(w) +λ2U2(w) and a = a(w, t), b = b(w, t), c = c(w, t), d = d(w, t).
Suppose t ≥ 0. Assume for the moment that λ1λ2 ≤ 0. Then
F (dϕtwξ) = (aλ1 + bλ2)(cλ1 + dλ2)
= acλ21 + bdλ
2
2 + (ad+ bc)λ1λ2
= acλ21 + bdλ
2
2 + 2bcλ1λ2 + λ1λ2(4.1)
= acλ21 + bdλ
2
2 + 2
√
(ad− 1)bcλ1λ2 + λ1λ2
≥ acλ21 + bdλ22 + 2
√
adbcλ1λ2 + λ1λ2
=
(√
acλ1 +
√
bdλ2
)2
+ λ1λ2
≥ λ1λ2 = F (ξ).
But if λ1λ2 ≥ 0, then (4.1) still holds, and this shows that F (dϕtwξ) ≥ F (ξ). Thus
we obtain F (dϕtwξ) ≥ F (ξ), for all t ≥ 0 and all ξ ∈ P(w). This implies that
(4.2) Q(dϕtwξ) ≥ Q(ξ), for all t ≥ 0 and all ξ ∈ P(w).
If we let
τ(w, t) =
(
2b(t, w)c(t, w) + 1
)1/2
,
then it follows from (4.1) that
(4.3) Q(dϕtwξ) ≥ τ(w, t)Q(ξ) ≥ 0, for ξ ∈ Kuw and t ≥ 0.
If t > 0 and (3.13) holds, then τ(w, t) > 1.
Similarly,
(4.4) Q(ξ) ≤ τ(w, t)Q(dϕtwξ) ≤ 0, for ξ ∈ dϕ−tKsϕtw and t ≥ 0.
If δ > 0, then there exists C = C(δ) > 0 such that if Kuw = K+w and K˜w ⊂ K+w
is a cone such that the slopes of the boundary lines of K˜w are δ and 1/δ (or if
Kuw = K+w and K˜w ⊂ K−w is a cone such that the slopes of the boundary lines of K˜w
are −δ and −1/δ), then
(4.5) C||ξ|| ≤ |Q(ξ)|, for all ξ ∈ K˜w.
Also note that for w such that Kuw = K+w , in particular for w ∈ T 1N0, where
N0 = S \ (∪qi=1Di), we have
(4.6) |Q(ξ)| ≤ ||ξ||, for all ξ ∈ P(w).
If W is a compact subset of (T 1S) \ (∪qi=1Zi), then it follows from Remark 3.9 that
there is a constant C˜ = C˜(W) > 0 such that
(4.7) |Q(ξ)| ≤ C˜||ξ||, for all ξ ∈ P(w), for all w ∈ W .
Lemma 4.1. For all w ∈ T 1S, if we let Euw and Esw be defined by
Euw :=
⋂
t≥0
dϕt(Kuϕ−tw) and Esw :=
⋂
t≥0
dϕ−t(Ksϕtw),
then Euw and E
s
w are lines in Tw(T
1S). Moreover, if w ∈ (T 1S) \ (∪qi=1T 1(∂Ci)),
then Euw ⊂ intKuw and Esw ⊂ intKsw.
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Proof. Let w ∈ T 1S. We will show that Euw is a line; the proof that Esw is a line
is similar. If v ∈ T 1xS, where x ∈ D and D = Di for some i ∈ {1, . . . , q}, then
either there exists t > 0 such that ϕ−tv ∈ T 1N0 or ϕ−tv remains in D for all t ≥ 0.
If the latter possibility occurs, then either v is tangent to ∂C, where C = Ci or
γv(t) becomes asymptotic to ∂C as t → −∞. We consider two cases for the given
w ∈ T 1S.
Case 1. There exist arbitrarily large values of t such that ϕ−tw ∈ T 1N0. By
the strong convexity of the disks Di, i = 1, . . . , q, (as discussed in Section 3), there
exists β > 0 such that any orbit of the geodesic flow that enters T 1N0 must spend
more than β units of time within T 1N0 before exiting (if it exits at all). Thus there
is a sequence (tn)n=1,2,... such that for n = 1, 2, . . . , we have −tn+1 < −tn − β <
−tn < 0, and ϕtw ∈ T 1N0 for all t ∈ [−tn − β,−tn]. It follows from (3.13) , (4.3)
and a compactness argument on T 1N0 that there exists τ0 > 1 such that for all
v ∈ T 1S with ϕtv ∈ T 1N0 for all t ∈ [−β, 0] we have
(4.8) Qv(dϕ
β
ϕ−βv
ξ) ≥ τ0Qϕ−βv(ξ), for all ξ ∈ Kuϕ−βv.
It also follows from (3.13) and a compactness argument on T 1N0 that there exists
δ > 0 such that for all v ∈ T 1S with ϕtv ∈ T 1N0 for all t ∈ [−β, 0] we have
(4.9) dϕβKuϕ−βv ⊂ K˜v,
where K˜v ⊂ P(v) is a cone whose boundary lines have slopes δ and 1/δ in the H,V
coordinates. Let C = C(δ) be as in (4.5).
Define Cβ := sup{||dϕ−βv || : v ∈ T 1S}. Let ξ ∈ Kuϕ−tn+1−βw and suppose ||ξ|| = 1.
Then it follows from (4.5) and (4.9) that
Qϕ−tn+1w(dϕ
βξ) ≥ C||dϕβξ|| ≥ CC−1β .
Moreover, by (4.2), (4.6), and (4.8), we have
(4.10)
||dϕtn+1−t1+βξ|| ≥ Qϕ−t1w(dϕtn+1−t1dϕβξ) ≥ τn0 Qϕ−tn+1w(dϕβξ) ≥ τn0 CC−1β .
The intersection of the unit disk in P(ϕ−tn+1−βw) and Ku
ϕ−tn+1−βw
has area π/2,
and the image of this intersection under dϕtn+1−t1+β also has area π/2. On the
other hand, (4.10) implies that this image contains the intersection of the disk of
radius τn0 CC
−1
β with dϕ
tn+1−t1+βKu
ϕ−tn+1−βw
. Since limn→∞ τ
n
0 CC
−1
β = ∞, the
cone angle of dϕtn+1−t1+βKu
ϕ−tn+1−βw
goes to 0 as n → ∞. Thus Eu
ϕ−t1w
is a line,
and it follows from the cone invariance (3.10) that Euw is a line.
Case 2. Either w is tangent to ∂C or γw(t) is asymptotic to ∂C as t → −∞.
Then there exists t0 ≤ 0 such that Kuγw(t) = K+γw(t) and the curvature K(γw(t)) ≤
0 for all t ≤ t0. As in case 1, if Euϕt0w is a line, then so is Euw. Therefore we
may assume that t0 = 0. Let ǫ > 0 and let T = T (ǫ) ≤ 0 be such that −ǫ ≤
K(γw(t)) ≤ 0 for all t ≤ T. For B > 0, let m1,B(t) and m2,B(t) be solutions
to the Riccati equation along γw(t) (i.e., (3.3) with w0 replaced by w) such that
m1,B(T−B) = 0 and limt→(T−B)+ m2,B(t) =∞. Since the boundary lines of Kuϕ−Bw
have slopes 0 and ∞, m1,B(t) and m2,B(t) represent the slopes of the boundary
lines of dϕt−(T−B)(KuϕT−Bw) for t > T − B. If K(γw0(t)) were replaced by the
constant −ǫ in (3.3), then the solution m˜2,B with limt→(T−B)+ m˜2,B(t) =∞ would
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be m˜2,B(t) =
√
ǫ coth
(√
ǫ(t− (T −B))) for t > T −B. If K(γw0(t)) were replaced
by 0, then the solution m˜1,B with m˜1,B(T −B) = 0 would be identically 0 for all t.
Therefore, by a comparison lemma (see, e.g., [2]), we obtain lim supB→∞m2,B(T ) ≤
limB→∞ m˜2,B(T ) =
√
ǫ and lim infB→∞m1,B(T ) ≥ limB→∞ m˜1,B(T ) = 0. Thus
EuϕTw is contained in a cone within K+ϕTw that is bounded by lines of slopes 0 and√
ǫ. By subtracting the equation (3.3) with m = m1,B from the equation (3.3) with
m = m2,B, we obtain
(4.11) (m2,B−m1,B)′(t) = −[(m1,B+m2,B)(m2,B−m1,B)](t) < 0, for t ∈ (−B, 0].
Thus lim supB→∞(m2,B −m1,B)(0) ≤
√
ǫ, which implies that Euw is contained in a
cone within K+w that is bounded by lines whose slopes differ by at most
√
ǫ. Since
ǫ was arbitrary, Euw is a line.
In both cases, if w is not tangent to the boundary of a cap, then there exist
r1 > r2 > 0 such that dϕ
r1−r2Ku
ϕ−r1w
⊂ intKu
ϕ−r2w
. Thus Euw ⊂ ϕr2(intKuϕ−r2w) ⊂
intKuw. A similar argument shows that if w is not tangent to the boundary of a cap,
then Esw ⊂ intKuw. 
Definition 4.2. The line fields v → Esv and v → Euv on T 1S obtained in Lemma 4.1
will be called the stable and unstable line fields, respectively. Note that dϕtEuv =
Euϕtv and dϕ
tEsv = E
s
ϕtv for v ∈ T 1S and t ∈ R. A C1 regular curve σ(t), a1 ≤ t ≤
a2, a1 < a2, in (T
1S) \ (∪qi=1T 1(∂Ci)) is defined to be a stable [unstable] curve if
σ′(t) ∈ Esσ(t)[Euσ(t)] for all t ∈ [a1, a2].
The following lemma allows us to integrate the stable and unstable line fields to
obtain stable and unstable curves.
Lemma 4.3. The stable and unstable line fields given in Lemma 4.1 are continuous
on (T 1S) \ (∪qi=1T 1(∂Ci)) .
Proof. We will give the proof for the unstable line field. The proof for the stable
line field is similar.
In order to compare a cone in P(w1) with a cone in P(w2), or a line through the
origin in P(w1) with a line through the origin in P(w2), we will useH,V coordinates
on both P(w1) and P(w2) to identify P(w1) with P(w2).
Suppose v ∈ T 1S and v is not tangent to the boundary of a cap. Let ǫ > 0
and let Kv,ǫ be the closed cone in P(v) centered at Euv and of cone angle ǫ in
the H,V coordinate system. By Lemma 4.1 and (3.10), there exists T > 0 such
that dϕTKuϕ−T v ⊂ intKv,ǫ. By the continuity of dϕT , there exists a closed cone
K˜ϕ−T v ⊂ P(ϕ−T v) such that Kuϕ−T v ⊂ int K˜ϕ−T v and dϕT K˜ϕ−T v ⊂ intKv,ǫ. From
the continuity of ϕ−T at v and the upper semi-continuity of the unstable cone field
at ϕ−T v, we know that for w ∈ T 1S sufficiently close to v, we have Kuϕ−Tw ⊂
K˜ϕ−Tw, where K˜ϕ−Tw ⊂ P(ϕ−Tw) is a copy of K˜ϕ−T v (using the H,V coordinates
as described in the preceding paragraph). Moreover, by the continuity of ϕ−T
and dϕT , for w sufficiently close to v, we have dϕT (K˜ϕ−Tw) ⊂ intKw,ǫ, where
Kw,ǫ ⊂ P(w) is a copy of Kv,ǫ. Therefore
Euw ⊂ dϕT (Kuϕ−Tw) ⊂ dϕT (K˜ϕ−Tw) ⊂ intKw,ǫ,
which implies that Euw makes angle less than ǫ with E
u
v . 
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5. Tubular Neighborhoods of tr(ρ) And Their Lifts
For the rest of this paper, we let N = S \ (∪qi=1Ci), N0 = S \ (∪qi=1Di), and
we let N1 and N2 be open subsets of S such that N2 ⊂ N1, N1 ⊂ N0, and the
closed geodesic ρ : [0, L] → N described in Section 2 has tr(ρ) ⊂ N2. We let
(τ1, τ2) be Fermi coordinates along ρ, where τ1 ∈ R/LZ is the coordinate along
ρ and τ2 ∈ [−ǫ0, ǫ0] is the coordinate along geodesics perpendicular to ρ. Here
ǫ0 > 0 is chosen sufficiently small so that all points with Fermi coordinates in
(R/LZ)× [−ǫ0, ǫ0] are contained in N2. For 0 < ǫ ≤ ǫ0, let
(5.1) F (ǫ) = {p ∈ S : dist(p, tr(ρ) ≤ ǫ}.
Each point in F (ǫ) has Fermi coordinates (τ1, τ2) in (R/LZ)×[−ǫ0, ǫ0], but if ρ is not
simple, then some of the points in F (ǫ) will have more than one such representation
in Fermi coordinates. In order to handle the case in which ρ is not simple, we let
(5.2) F̂ (ǫ) = (R/LZ)× [−ǫ, ǫ],
and let π̂ : F̂ (ǫ) → F (ǫ) be the projection that takes (τ1, τ2) to the point in S
with Fermi coordinates (τ1, τ2). Define ĥ = π̂
∗h to be the covering metric. Let
ρ̂ : [0, L]→ F̂ (ǫ) be the simple closed geodesic in (F̂ (ǫ), ĥ) that is the lift of ρ. We
also define
(5.3) F˜ (ǫ) = R× [−ǫ, ǫ],
which is the universal covering space of F̂ (ǫ). Let π˜ : F˜ (ǫ)→ F̂ (ǫ) be the covering
map, and let h˜ = π˜∗ĥ be the covering metric. We let ρ˜ : R→ F˜ (ǫ) be the geodesic
in (F˜ (ǫ), h˜) that is the lift of ρ̂.
If (τ1, τ2) are Fermi coordinates along ρ̂ or ρ˜ and γ : I → F̂ (ǫ) or γ : I → F˜ (ǫ) is
a geodesic whose trace is contained in the region in which τ2 6= 0, then the negative
curvature of (F̂ (ǫ), ĥ) and (F˜ (ǫ), h˜) implies that t 7→ |τ2(γ(t))| is a strictly convex
function.
It follows from the simple connectivity of F˜ (ǫ) and the negative curvature of
(F˜ (ǫ), h˜) that for each p˜ ∈ F˜ (ǫ), there is a unique vector Z˜(p˜) ∈ T 1,h˜p˜ (F˜ (ǫ)) such
that γZ˜(p˜) is asymptotic to ρ˜ as t → ∞. We let Ẑ be the (unique) vector field on
F̂ (ǫ) obtained by applying dπ˜ to Z˜. Then for each p̂ ∈ F̂ (ǫ), γẐ(p̂) is asymptotic to
ρ̂ as t→∞.
We will call Ẑ and Z˜ asymptotic vector fields for ρ̂ and ρ˜, respectively. These
vector fields can be obtained by applying the geodesic flow to a stable horocycle
through a tangent vector to ρ̂ or ρ˜. Such horocycles are known to be C∞ [1], because
(F̂ (ǫ), ĥ) can be extended to a closed surface of negative curvature. It follows that
Ẑ and Z˜ are C∞ vector fields. In this paper, we will only use the fact that they
are continuous.
6. Proof of Total Insecurity of (S, h)
Let P(w), w ∈ T 1S, be the two-dimensional distribution on T 1S defined in (3.1),
and let Q = Qw : P(w)→ R be the Lyapunov function defined at the beginning of
Section 4. Let N , N0, N1, and N2 be as in Section 5.
Definition 6.1. If a C1 regular curve σ(s), a1 ≤ s ≤ a2, a1 < a2, in T 1S is
everywhere tangent to the distribution P , then we define the Lyapunov length of σ
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as LQ(σ) =
∫ a2
a1
|Q(σ′(s)| ds. We let L(σ) = ∫ a2
a1
||σ′(s)|| ds be the usual length of
σ.
Remark 6.2. The Lyapunov length, like the usual length, is independent of the
parametrization of σ, because Q is homogeneous of degree 1. If σ is everywhere
tangent to P , and for each tangent vector w = σ′(s) of σ we have Kuw = K+w (in
particular if tr(σ) ⊂ N0), then by (4.6), we know that LQ(σ) ≤ L(σ). If σ is as in
Definition 6.1 and σ(s) ∈ (T 1S) \ (∪qi=1Zi) for all s ∈ [a1, a2], then it follows from
(4.7) that LQ(σ) <∞.
Lemma 6.3 shows that the length of certain stable or approximately stable curves
goes to zero under the application of dϕt as t goes to infinity along certain sequences.
The uniformity of the contraction in part (1) of Lemma 6.3 allows us to obtain
expansion of approximately unstable curves in Corollary 6.4.
Lemma 6.3. Suppose σ(s), s ∈ [0, a], a > 0, is a C1 regular curve in (T 1S)\
(∪qi=1T 1(∂Ci)) that is everywhere tangent to the distribution P . Let v0 = σ(s0), for
some s0 ∈ [0, a]. The two statements below are true for σ.
(1) For every ǫ > 0, there exists M = M(ǫ) > 1, independent of the choice
of σ, such that the following holds: If m ≥ M is an integer and there
exists a finite sequence (tn)n=1,2,...,m+1 such that t1 ≥ 0, tn+1 ≥ 1 + tn for
n = 1, 2, . . . ,m, tr(ϕtn(σ)) ⊂ T 1N1, for n = 1, 2, . . . ,m, and (ϕtm+1(σ)) is
an approximately stable curve, then L(ϕtm(σ)) < ǫL(ϕt1(σ)).
(2) If σ is a stable curve with LQ(σ) <∞, and there exists a sequence (tn)n=1,2,...
such that t1 ≥ 0, tn+1 ≥ 1 + tn for n = 1, 2, . . . , and ϕtn(v0) ∈ T 1N2 for
n = 1, 2, . . . , then limn→∞ L(ϕtn(σ)) = 0.
Proof. Since N1 ⊂ N0, there exists η ∈ (0, 1) such that for every v ∈ T 1N1,
γv([0, η]) lies in N0. By (3.14) and a compactness argument, there exists δ ∈ (0, 1)
such that for v ∈ T 1N1, dϕ−η(Ksϕηv) ⊂ K˜v ⊂ K−v , where K˜v is bounded by lines
of slopes −δ and −1/δ in the H,V coordinate system on P(v). If β ≥ 1 > η, then
dϕ−β(Ksϕβv) ⊂ dϕ−η(Ksϕηv). Thus, by (4.5) and (4.6) there exists a constant C > 0
such that if ξ ∈ dϕ−β(Ksϕβv) for some β ≥ 1 and some v ∈ T 1N1, then
(6.1) C||ξ|| ≤ |Q(ξ)| ≤ ||ξ||.
By (3.13) and (4.4), there exists κ ∈ (0, 1) such that if ξ ∈ dϕ−η(Ksϕηv) for some
v ∈ T 1N1, then
|Q(dϕηξ)| ≤ κ|Q(ξ)|.
If β ≥ 1 and ξ ∈ dϕ−β(Ksϕβv) for some v ∈ T 1N1, then |Q(dϕβξ)| ≤ |Q(dϕηξ)| and
we obtain
|Q(dϕβξ)| ≤ κ|Q(ξ)|.
Thus, if σ˜ is a stable curve in T 1N1, or more generally, if σ˜ is in T 1N1 and ϕβ σ˜ is
an approximately stable curve for some β ≥ 1, then
(6.2) CL(σ˜) ≤ LQ(σ˜) ≤ L(σ˜)
and
(6.3) LQ(ϕβ(σ˜)) ≤ κLQ(σ˜).
Let ǫ > 0 and take M > 1 sufficiently large so that κM−1 < Cǫ. Suppose
m ≥M is an integer and (tn)n=1,...,m+1 and σ are as in the hypothesis of part (1).
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Since ϕtm+1(σ) is approximately stable and tr(ϕtm(σ)) ⊂ T 1N1, it follows from
(6.2) that CL(ϕtm(σ)) ≤ LQ(ϕtm(σ)). Note that (3.11) implies that ϕtm−t(σ) is
approximately stable for t ≥ 0. Applying (6.3) to σ˜ = ϕt1(σ), . . . , ϕtm−1(σ), and
β = t2− t1, . . . , tm− tm−1, respectively, we obtain LQ(ϕtm(σ)) ≤ κm−1LQ(ϕt1(σ)).
Since ϕt2(σ) is approximately stable, (6.2) implies that LQ(ϕt1(σ)) ≤ L(ϕt1(σ)).
To summarize, we have
CL(ϕtm(σ)) ≤ LQ(ϕtm(σ)) ≤ κm−1LQ(ϕt1(σ)) ≤ κm−1L(ϕt1(σ)) < CǫL(ϕt1 (σ)),
and this completes the proof of part (1).
It follows from (6.2) that there exists ǫ˜ > 0 such that any stable curve σ˜ that
contains a vector in T 1N2 and has LQ(σ˜) ≤ ǫ˜ must be contained in T 1N1. Sup-
pose now that σ and the sequence (tn)n=1,2,... are as in the hypothesis of part
(2). If LQ(ϕtn(σ)) ≤ ǫ˜ for some n ≥ 1, then ϕtn(σ) ⊂ T 1N1 and L(ϕtn(σ)) ≤
(1/C)LQ(ϕtn(σ)). Therefore to prove part (2), it suffices to show that limn→∞
LQ(ϕtn(σ)) = 0.
We may assume that v0 is an endpoint of σ, say v0 = σ(0). Let 0 = s0 < s1 <
· · · < sk = a be chosen so that LQ(ϕt1(σ|[sℓ, sℓ+1])) < ǫ˜/2 for ℓ = 0, . . . , k −
1. Let σℓ = σ|[0, sℓ] for ℓ = 1, . . . , k. We will use induction on ℓ to show that
limn→∞ LQ(ϕtn(σℓ)) = 0 for l = 1, . . . , k. Since σk = σ, the conclusion of part (2)
will follow.
Since LQ(ϕt(σ˜)) is a nonincreasing function of t for any stable curve σ˜, we
have LQ(ϕtn(σ1)) ≤ LQ(ϕt1(σ1)) < ǫ˜/2 for all n ≥ 1. Thus tr(ϕtn(σ1)) ⊂ T 1N1
for all n ≥ 1. Therefore part (1) implies that limn→∞ L(ϕtn(σ1)) = 0. Since
LQ(ϕtn(σ1)) ≤ L(ϕtn(σ1)), we have limn→∞ LQ(ϕtn(σ1)) = 0.
Now suppose that ℓ ∈ {1, . . . , k − 1} and assume that limn→∞ LQ(ϕtn(σℓ)) =
0. Let Mℓ be sufficiently large so that LQ(ϕtn(σℓ)) < ǫ˜/2 for n ≥ Mℓ. Since
LQ(ϕtn(σ|[sℓ, sℓ+1])) ≤ LQ(ϕt1 (σ|[sℓ, sℓ+1])) < ǫ˜/2 for all n ≥ 1, it follows that
LQ(ϕtn(σℓ+1)) < ǫ˜ for n ≥Mℓ. Then tr(ϕtn(σℓ+1)) ⊂ T 1N1 for n ≥Mℓ. By apply-
ing part (1), we obtain limn→∞ LQ(ϕtn(σℓ+1)) = 0, which completes the inductive
proof. 
Corollary 6.4. There exists r0 > 0 such that if σ(s), s ∈ [0, a], a > 0, is an
approximately unstable curve and there exist v0 = σ(s0) for some s0 ∈ [0, a] and a
sequence (tn)n=1,2,... with t1 ≥ 1, tn+1 ≥ 1+tn for n = 1, 2, . . . , and ϕtn(v0) ∈ T 1N2
for n = 1, 2, . . . , then lim infn→∞ L(ϕtn(σ)) > r0.
Proof. Let b = dist(T 1N2, ∂(T 1N1)) > 0 and let r0 = min(1/2, b/2). Let σ(s),
s ∈ [0, a], a > 0, be an approximately unstable curve and let v0 and (tn)n=1,2,... be
as in the hypothesis of the corollary. If tr(ϕtn(σ)) is not contained in T 1N1, then
L(ϕtn(σ)) ≥ b > r0. Thus, we may assume that tr(ϕtn(σ)) ⊂ T 1N1 for n = 1, 2, . . . .
If p(s) is a curve in S and α(s) is a curve in T 1S such that α(s) ∈ T 1p(s)S, then
we let αrev denote the curve in T
1S with the same basepoints as α, but the vectors
α(s) ∈ T 1p(s)S are replaced by −α(s) ∈ T 1p(s)S. Since Kuv = K+v and Ksv = K−v for
v ∈ T 1N1, a C1 curve α in T 1N1 is approximately stable [unstable] if and only if
αrev is approximately unstable [stable]. Note that ϕ
t((ϕt(α))rev ) = αrev for all
t ∈ R.
Since σ is approximately unstable, so is ϕtn(σ), for n = 1, 2, . . . . Let ǫ =
L(ϕt1(σ)) > 0, and let M = M(ǫ) be as in part (1) of Lemma 6.3. Suppose there
exists m ≥M such that L(ϕtm (σ)) < 2r0 ≤ 1. Let σ˜ = (ϕtm(σ))rev and let t0 = 0.
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Then for 0 ≤ k ≤ m, we have (ϕtk(σ))rev = ϕtm−tk(σ˜). Applying part (1) of Lemma
6.3 to σ˜ (instead of σ), using the sequence 0, tm− tm−1, tm− tm−2, . . . , tm− t1, tm
(instead of t1, t2, . . . , tm+1), and noting that ϕ
tm(σ˜) = σrev is approximately stable,
we obtain L((ϕt1 (σ))rev) = L(ϕtm−t1(σ˜)) < ǫL(σ˜)) < ǫ, which is a contradiction,
since L((ϕt1 (σ))rev) = L(ϕt1(σ)) = ǫ. Thus L(ϕtm(σ)) ≥ 2r0 for all m ≥M. 
Lemma 6.5 below provides a comparison between the Euclidean curvature and
the curvature within a manifold (M,h) for a given curve α in a neighborhood of
a geodesic γ. In our application of this lemma, γ will be replaced by ρ̂, and h will
be replaced by ĥ. If α(t) is a regular C2 curve in the Euclidean plane and N(t) is
a unit normal field along α(t), then the signed curvature of α with respect to N is
defined by
(6.4) κ(t) =
−α′′(t) ·N(t)
|α′(t)|2
The choice of sign is consistent with that in equation (3.2).
Suppose a < b and γ : [a, b]→M is a geodesic in a complete Riemannian surface
(M,h) such that γ is either one-to-one on [a, b] or γ is a closed geodesic that is
one-to-one on [a, b). In the former case, let I = [a, b], and in the latter case, let
I = [a, b]/ ∼, where a ∼ b. Let (τ1, τ2) be Fermi coordinates along γ, where τ1 is
the parameter along γ and τ2 is the parameter along geodesics perpendicular to γ.
Let ǫ1 > 0 be sufficiently small so that points that are within distance at most ǫ1
from tr(γ) have a unique representation in Fermi coordinates (τ1, τ2) ∈ I× [−ǫ1, ǫ1].
For ǫ with 0 < ǫ ≤ ǫ1, define
(6.5) F (ǫ) = {(τ1, τ2) : τ1 ∈ I,−ǫ ≤ τ2 ≤ ǫ}.
On F (ǫ) we have the Riemannian metric induced by h through the identification
of points within distance at most ǫ of tr(γ) in (M,h) and their Fermi coordinates
(τ1, τ2). We also have the Euclidean metric 〈∂/∂τi, ∂/∂τj〉 = δij , for 1 ≤ i, j ≤ 2
on F (ǫ). For a regular C2 curve α(s), −ℓ ≤ s ≤ ℓ, in F (ǫ) we may compare the
signed curvature of α in these two metrics. We will use the subscripts h and e to
distinguish inner products with respect to the metric h and the Euclidean metric.
Lemma 6.5. Suppose γ : [a, b] → M is a geodesic on a complete Riemannian
surface (M,h) such that γ is either one-to-one on [a, b] or γ is a closed geodesic
that is one-to-one on [a, b). Suppose I, ǫ1, Fermi coordinates (τ1, τ2) along γ, and
F (ǫ) for 0 < ǫ ≤ ǫ1, are as defined above. Let k0 > 0 and let 0 < ζ < 1. Then
there exists ǫ > 0, depending only on γ, h, ǫ1, k0, and ζ, such that the following
properties hold for any regular C2 curve, α(s) = (τ1(s), τ2(s)), −ℓ ≤ s ≤ ℓ, in F (ǫ).
(1) If Nh(s) and Ne(s) are continuous unit normal fields along α(s) for the
metric h and the Euclidean metric, respectively, then Nh(s) and Ne(s) lie
on the same side of the tangent line to α at s when s = 0 (and therefore, by
continuity, for all s ∈ [−ℓ, ℓ]) if and only if the same choice of sign replaces
± in (6.12) as in (6.13) below.
(2) Suppose Nh(s) and Ne(s) are as in part (1), lying on the same side of
the tangent lines to α. Let the signed curvatures k(s) and κ(s), denote,
respectively, the signed curvature of α(s) with respect to Nh(s) on (F (ǫ), h)
(as defined in (3.2) ) and the signed curvature of α(s) with respect Ne(s)
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in the Euclidean metric on F (ǫ) (as defined in (6.4)). If |k(s)| ≥ k0 for all
s ∈ [−ℓ, ℓ], then
(6.6) 1− ζ < κ(s)
k(s)
< 1 + ζ, for all s ∈ [−ℓ, ℓ].
Proof. Since the curvatures (in either metric) and the unit normal fields along α are
invariant under reparametrization, we may assume that α(s) is a unit speed curve
in (F (ǫ), h). Note that in Fermi coordinates (τ1, τ2), if hij =< ∂/∂τi, ∂/∂τj >h and
Γmij are the Christoffel symbols for h, then
h11(τ1, 0) = 1, h12(τ1, τ2) = 0, h22(τ1, τ2) = 1,
∂h11
∂τ2
(τ1, 0) = 0,
∂h12
∂τ2
(τ1, τ2) = 0,
∂h22
∂τ2
(τ1, τ2) = 0,
(6.7) hij(τ1, τ2) = δij + o(|τ2|),
and
(6.8) Γmij (τ1, τ2) = O(|τ2|),
for i, j,m ∈ {1, 2}. Here, and throughout this proof, O(|τ2|) and o(|τ2|) denote
functions whose absolute values are bounded, respectively, by constant multiples of
|τ2| and τ22 , where the constants can be chosen independently of α and ǫ.
Since
(6.9) α′(s) = τ ′1(t)
∂
∂τ1
+ τ ′2(t)
∂
∂τ2
and < α′(s), α′(s) >h= 1, we have
(6.10) h11(τ
′
1)
2 + (τ ′2)
2 = 1.
It follows that |τ ′1| ≤ (h11)−1/2 and |τ ′2| ≤ 1. From (6.7) and (6.10), we obtain
(6.11) (τ ′1)
2 + (τ ′2)
2 = 1 + o(|τ2|).
Note that
(6.12) Nh(s) = ±
[
−τ ′2(s)√
h11
∂
∂τ1
+ τ ′1(s)
√
h11
∂
∂τ2
]
,
where the same choice of ± is made for all s. For the Euclidean normal vector, we
have
(6.13) Ne(s) = ±
[
−τ ′2(s)√
(τ ′1(s))
2 + (τ ′2(s))
2
∂
∂τ1
+
τ ′1(s)√
(τ ′1(s))
2 + (τ ′2(s))
2
∂
∂τ2
]
,
also with the same choice of ± for all s. If we make the same choice of ± in (6.12)
as in (6.13), then it follows from (6.10) and (6.7) for (i, j) = (1, 1) that
(6.14) ∡(Nh(s), Ne(s)) = o(|τ2|),
where ∡ denotes the angle measured in the Euclidean coordinate system. In this
case, if ǫ is sufficiently small and |τ2| < ǫ, then Nh(s) and Ne(s) lie on the same
side of the tangent line to α at s. Conversely, if we had made the opposite choice
of signs in (6.12) from that in (6.13), then Nh(s) and Ne(s) would lie on opposite
sides of the tangent line to α at s. The assertion in part (1) follows.
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In the proof of part (2), we may assume that ± in both (6.12) and (6.13) is taken
to be +. Taking the covariant derivative D/ds, with respect to the metric h, of
(6.9), we obtain
D
ds
α′(s) =
2∑
m=1
τ ′′m(s) + ∑
1≤i,j≤2
Γmij τ
′
i(s)τ
′
j(s)
 ∂
∂τm
=
2∑
m=1
(τ ′′m(s) +O(|τ2|))
∂
∂τm
.(6.15)
Then the signed curvature of α(s) with respect to Nh in the metric h is
k(s) = −
〈
D
ds
α′(s), Nh(s)
〉
h
= (τ ′′1 τ
′
2 − τ ′1τ ′′2 )
√
h11 +O(|τ2|).(6.16)
Next we find the signed curvature κ(s) of α(s) with respect to Ne in the Euclidean
metric. By (6.4) and (6.13), we have
κ(s) =
−〈α′′(s), Ne(s)〉e
||α′(s)||2e
=
τ ′′1 τ
′
2 − τ ′1τ ′′2(
(τ ′1)
2 + (τ ′2)
2
)3/2(6.17)
If |k(s)| ≥ k0 and ǫ is sufficiently small, then (6.6) follows from (6.11), (6.16), and
(6.17). 
In Proposition 6.6 below, we will consider the closure of an ǫ0-tubular neighborhood
of ρ̂, (F̂ (ǫ0), ĥ), as described in Section 5. Either component of F̂ (ǫ0) \ tr(ρ̂) could
serve as the region in which the second of the Fermi coordinates (τ1, τ2) is positive,
depending on how the Fermi coordinates are chosen. For any geodesic γ : [a, b]→ S,
we let −γ denote the geodesic γ transversed in the opposite direction: (−γ)(t) =
γ(a+ b− t), for a ≤ t ≤ b.
Proposition 6.6. If ρ : [0, L] → S is the closed geodesic constructed in Section 2
and x ∈ S, then there exist v+, v− ∈ T 1xS such that γv+(t) and γv−(t) are asymptotic
to ρ and −ρ , respectively, as t→∞. If x ∈ ∪qi=1Di then v+ and v− can be chosen
to be approximately in the radial direction (see Definition 3.12). In addition, if we
are given a choice of Fermi coordinates (τ1, τ2) on (F̂ (ǫ0), ĥ), then we can choose
v+ and v− so that for every ǫ > 0 there exists T = T (ǫ) > 0 such that γv+ |[T,∞)
and γv− |[T,∞) have lifts γ̂v+ |[T,∞) and γ̂v− |[T,∞), respectively, to (F̂ (ǫ0), ĥ) such
that
0 < τ2(γ̂v+(t)) < ǫ and 0 < τ2(γ̂v−(t)) < ǫ, for t ≥ T.
Proof. Let x ∈ S and let σ : [−a0, a0]→ T 1xS, a0 > 0, be a regular C1 curve (with
constant basepoint x). If x ∈ ∪qi=1Di, then σ is chosen so that σ(s) is approximately
in the radial direction for all s ∈ [−a0, a0]. We will show that for some s2 ∈
(−a0, a0), the vector σ(s2) satisfies the conditions required of v+. Let R be as in
Lemma 3.11, and let t0 > R be such that x is not conjugate to γσ(0)(t0) along
γσ(0)|[0, t0]. Let 0 < a < a0/2 and 0 < b < (t0 − R)/2, and assume a, b are
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sufficiently small so that expx : {tσ(s) ∈ TxS : −2a < s < 2a, t0− 2b < t < t0+2b}
→ S is a diffeomorphism onto its image. Define
A0 = A0(a, b, t0) = {ϕt(σ(s)) : −a < s < a, t0 − b < t < t0 + b}
and
A1 = A1(a, b, t0) = {ϕt(σ(s)) : −a/2 ≤ s ≤ a/2, t0 − (b/2) ≤ t ≤ t0 + (b/2)}.
Note that ϕt(σ(s)) ⊂ (T 1S) \ (∪qi=1Zi), for s ∈ [−a0, a0] and t ≥ 0 (where Zi is
in Definition 3.8), because σ(s) /∈ (∪qi=1Zi) and ϕt((T 1S) \ (∪qi=1Zi)) ⊂ (T 1S) \
(∪qi=1Zi) for all t ≥ 0. We require a, b to be sufficiently small so that there exist an
open subset W of T 1S with A0 ⊂ W ⊂ (T 1S) \ (∪qi=1Zi) and a coordinate chart
Ψ : W → R3 such that Ψ(A0) is an open subset of R2. Here, and in the proof of
Lemma 6.7, we identify R2 with R2 × {0} ⊂ R3. For η > 0, let A = A(η) be an
η−neighborhood of A1.
We will continue with the proof of Proposition 6.6 after Lemma 6.7 and Corollary
6.8.
Lemma 6.7. If η = η(a, b,W,Ψ) is sufficiently small, then every vector w ∈ A(η)\
A0 can be joined to a vector in A0 by a stable curve with finite Lyapunov length.
Proof. By Lemma 3.11, the curves s 7→ ϕt(σ(s)), −a0 ≤ s ≤ a0, are approximately
unstable for t ≥ R. Thus each tangent plane to A0 is spanned by a vector tangent
to an orbit of the geodesic flow and a vector in an unstable cone. By Lemma
4.1, the Es line field is contained in the interiors of the stable cones at vectors
in A0. Hence Lemma 3.5 implies that Es is transversal to the tangent plane to
A0 at each vector in A0. Since Es is continuous on W, it follows that there exists
c > 0 such that Ψ(A0) × (−c, c) ⊂ Ψ(W ) and the line field dΨ(Es) is uniformly
transversal to horizontal planes in Ψ(A0) × (−c, c). Let ζ > 0 be such that within
Ψ(A0) × (−c, c) any unit vector along dΨ(Es) has a component of absolute value
greater than ζ in the vertical direction. Let h0 = dist(Ψ(A1),Ψ(∂A0)). We choose
η sufficiently small so that A(η) ⊂ W, dist(Ψ(A(η)),Ψ(∂A0)× R) > h0/2, and for
any (p1, p2, p3) ∈ Ψ(A(η)), we have |p3| < min(c, h0ζ/2). Let w ∈ A(η) \ A0. Then
Ψ(w) = (p1, p2, p3), where p3 6= 0.We suppose p3 > 0. Since dΨ(Es) is a continuous
line field on dΨ(W ), there exists a unit speed curve β˜ that is everywhere tangent
to dΨ(Es) and starts at β˜(0) = p3 with β˜
′(0) having a negative component in the
vertical direction. Then β˜ must reach R2×{0} in time less than p3/ζ, unless it first
exits the region Ψ(A0)×R. But it cannot exit this region in time less than h0/2, and
by our choice of η, we have p3/ζ < h0/2. Thus, for some ℓ1 ∈ (0, p3/ζ), the curve
β˜(t), 0 ≤ t ≤ ℓ1, connects (p1, p2, p3) to a point in Ψ(A0). Then β(t) = Ψ−1(β˜(t)),
0 ≤ t ≤ ℓ1, is a stable curve that joins w to a vector in A0. Since tr(β) is a compact
subset of (T 1S) \ (∪qi=1Zi), it follows from Remark 6.2 that β has finite Lyapunov
length. The case p3 < 0 can be handled similarly. 
Corollary 6.8. If U0 is a nonempty open subset of T 1N2, where N2 is as in Lemma
6.3, then there exists s0 ∈ (−a, a) and a sequence (tn)n=1,2,... with t1 ≥ 0 and
tn+1 > 1 + tn for n = 1, 2, . . . , such that ϕ
tn(σ(s0)) ∈ U0, for n = 1, 2, . . . .
Proof. Let U1 be a nonempty open subset of U0 such that U1 ⊂ U0, and let η > 0
be such that Lemma 6.7 holds for A = A(η). Then U1 and A each have positive
Liouville measure. By the ergodicity of the geodesic flow ϕt, we know that there
exists w ∈ A and a sequence (t˜n)n=1,2,...such that t˜1 ≥ 0 and t˜n+1 > 1 + t˜n for
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n = 1, 2, . . . , and ϕt˜n(w) ∈ U1 for n = 1, 2, . . . . If w /∈ A0 then by Lemma 6.7,
there is a stable curve β from w to a vector v in A0. The vector v can be written
as v = ϕt˜0(σ(s0)) for some s0 ∈ (−a, a) and t0 − b < t˜0 < t0 + b. By part (2) of
Lemma 6.3, limn→∞ L(ϕt˜n(β)) = 0. Thus there exists N such that t˜N+1 > t˜0, and
for n > N, ϕt˜n(v) ∈ U0. Then the Corollary holds with tn = t˜N+n + t˜0. If w ∈ A0,
then we already have w = ϕt˜0(σ(s0)) for some s0 ∈ (−a, a) and t0− b < t˜0 < t0+ b
and the Corollary holds with tn = t˜n + t˜0. 
We now complete the proof of Proposition 6.6. Let ǫ0 ∈ (0, 1), F (ǫ0), and F̂ (ǫ0)
be as described in Section 5, with Fermi coordinates (τ1, τ2) along ρ̂ in the metric
ĥ defined in (R/LZ) × [−ǫ0, ǫ0]. Let Ẑ be the unit vector field on F̂ (ǫ0) that is
asymptotic to ρ̂, as in Section 5.
Since F (ǫ0) ⊂ S\(∪qi=1Di), it follows from (3.13) that if v ∈ T 1S has its basepoint
in F (ǫ0) and dϕ
−1v ∈ Kuϕ−1v, then dϕ1(Kudϕ−1v) ⊂ intKuv = intK+v . Moreover, by a
compactness argument, there exist k0, k1, 0 < k0 < k1 <∞, such that for all such v,
dϕ1(Kudϕ−1v) is contained in a cone in K+v that is bounded by lines of slopes k0 and
k1 in the H,V coordinates. Therefore, if t ≥ R+1 and σ0 is the restriction of σ to
a subinterval of [−a0, a0] such that ϕtσ0 has all of its basepoints in F (ǫ0), then the
curvature of the curve of basepoints of ϕtσ0 (with respect to the metric h and the
normal field given by ϕtσ0) is in the interval [k0, k1], because ϕ
tσ0 = ϕ
1(ϕt−1σ0)
and ϕt−1σ0 is approximately unstable (by Remark 3.13). Likewise, the curve of
basepoints of any lift of such a ϕtσ0 to T
1(F̂ (ǫ0)) has curvature (with respect to
the metric ĥ) in [k0, k1].
We now apply Lemma 6.5 with γ = ρ̂, ǫ1 = ǫ0, F (ǫ0) = F̂ (ǫ0), and h = ĥ. Let
ǫ ∈ (0, ǫ0] be such that the conclusion of Lemma 6.5 holds for ζ = 1/2 and k0 as
above. Let κ0 = k0/2 and κ1 = (3/2)k1, and let F̂ (ǫ) ⊂ F̂ (ǫ0) be defined as in
(5.2). By (6.14), there is a constant C0 > 0 such that along any regular C
2 curve
α̂(s) = (τ1(s), τ2(s)), 0 ≤ s ≤ ℓ, in F̂ (ǫ), the unit normal vectors Nĥ and Ne to α̂
(in the ĥ metric and the Euclidean metric, respectively) satisfy
(6.18) ∡(Nĥ, Ne) ≤ C0τ22 ,
where ∡ denotes the angle measured in the Euclidean coordinate system. Since, by
(6.7), the ratio of the Euclidean length to the length in the ĥ metric is close to 1
for τ2 close to 0, we may also assume that ǫ is sufficiently small so that
(6.19) ||v||ĥ ≤ 2||v||e,
for all v ∈ TS with basepoint in F̂ (ǫ). After choosing ǫ, we choose δ so that
0 < δ <
1
C0 + 2
min
(
ǫ,
ǫκ0
2
,
πκ0
2κ1
,
r0κ0
2
√
1 + k21
)
,
where r0 is as in Corollary 6.4.
Let Û0 = {ŵ ∈ T 1p (F̂ (ǫ)) : p = (τ1, τ2), 0 < τ2 < δ, ∡(Ẑ(p), ∂/∂τ1) < δ,
∡(ŵ, Ẑ(p)) < δ, ∡(ŵ,−∂/∂τ2) < π/2, and ∡(ŵ, ∂/∂τ1) > ∡(Ẑ(p), ∂/∂τ1)}. For
the rest of the proof of this proposition, the signed Euclidean angle from one vector
to another at the same basepoint in F̂ (ǫ) will be taken to be in (−π, π] and the
counterclockwise direction will be the positive direction. In particular, for ŵ ∈
Û0 ∩ T 1p (F̂ (ǫ)) the signed Euclidean angle from Ẑ(p) to ŵ is negative. Let U0
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be the image of Û0 under the projection π̂ from T 1(F̂ (ǫ)) to T 1(F (ǫ)). Let s0 ∈
(−a, a) and the sequence (tn)n=1,2,..., be as in Corollary 6.8 applied to this choice
of U0. If n is sufficiently large, then by Corollary 6.4, L(ϕtn(σ|[s0, a))) > r0 and
L(ϕtn(σ|(−a, s0])) > r0. Now fix a choice of such an n, where we also require that
tn ≥ R + 1.
Let w = ϕtn(σ(s0)) and let ŵ ∈ Û0 be such that ŵ projects to w. Let σ̂ be the
lift of ϕtn(σ(s)), s0 ≤ s ≤ a1, to T 1(F̂ (ǫ)), where ϕtn(σ(s0)) lifts to ŵ and the
curve σ̂ is truncated, if necessary, at s = a1, where σ̂ exits T
1(F̂ (ǫ)). (If it doesn’t
exit T 1(F̂ (ǫ)), we take a1 = a.) Let α̂(s), s0 ≤ s ≤ a1, be the curve of basepoints
of σ̂. Then α̂′(s0) is orthogonal to ŵ in the ĥ metric. Let Nĥ and Ne be unit
normal fields along α̂(s) in the ĥ-metric and the Euclidean metric, chosen so that
Nĥ(0) = ŵ and Nĥ(s) and Ne(s) lie on the same side of the tangent line to α̂ at all
s ∈ [0, a1]. Since ∡(ŵ, ∂/∂τ1) < 2δ < π/2 and ∡(ŵ,−∂/∂τ2) < π/2, Nĥ(0) has a
positive component in the ∂/∂τ1 direction and a negative component in the ∂/∂τ2
direction, which, according to equations (6.12) and (6.13), implies that the same is
true of Ne(0). In particular, we see that α̂
′(s0) must have a nonzero component in
the ∂/∂τ2 direction. We will assume that this component is positive. (If not, we
would replace ϕtn(σ|[s0, a]) by ϕtn(σ|[−a, s0]) in our argument.) We may assume
that the parametrization of σ is such that s0 = 0 and α̂(s) is parametrized by
Euclidean arc length.
Ne(0)
Nĥ(s1)α̂(s1)
α̂(s2)
α̂(0)
Ẑα̂(s1)
ρ̂
∂/∂τ1
N
ĥ
(s2) = Ẑα̂(s2)
Ẑα̂(0)
Nĥ(0)
Figure 6.1. Rotation of Nĥ.
By the choice of ǫ and by (6.18), we know that ∡(Ne(0), Nĥ(0)) < C0δ
2 <
C0δ. Thus ∡(Ne(0), ∂/∂τ1) < (C0 + 2)δ. According to Lemma 6.5, the Euclidean
curvature of α̂(s) is between κ0 and κ1 for 0 ≤ s ≤ a1. Thus Ne(s) rotates in the
counterclockwise direction at a rate between κ0 and κ1 radians per unit time. For
s ∈ [0,min(a1, (C0 + 2)δ/κ0)], the signed Euclidean angle from ∂/∂τ1 to Ne(s),
is strictly between −(C0 + 2)δ + κ0s and κ1s, which implies it is strictly between
−(C0 + 2)δ and π/2. Thus α̂′(s) has a non-zero component in the ∂/∂τ2 direction
for s ∈ [0,min(a1, (C0+2)δ/κ0)]. In fact, this component must be positive, because
α̂′(0) has a positive component in the ∂/∂τ2 direction. Since the component of
α̂′(s) in the ∂/∂τ2 direction is at most 1, and 0 < τ2(α̂(0)) < δ < ǫ/2, we obtain
0 < τ2(α̂(s)) < ǫ/2 + (C0 + 2)δ/κ0 < ǫ for s ∈ [0,min(a1, (C0 + 2)δ/κ0)].
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The length of σ̂(s), 0 ≤ s ≤ min(a1, (C0 + 2)δ/κ0)], in T 1S with the metric
induced by ĥ, is at most (1+k21)
1/2 times the ĥ-length of α̂(s), 0 ≤ s ≤ min(a1, (C0+
2)δ/κ0). By (6.19), the ĥ-length of α̂(s), 0 ≤ s ≤ min(a1, (C0 + 2)δ/κ0), is at most
2(C0 + 2)δ/κ0. Thus the length of σ̂(s), 0 ≤ s ≤ min(a1, (C0 + 2)δ/κ0), is at most
2(1+k21)
1/2(C0+2)δ/κ0, which is less than r0. Thus σ̂(s) can neither exit T
1(F̂ (ǫ))
nor reach length r0 by time s = min(a1, (C0 + 2)δ/κ0). Hence a1 ≥ (C0 + 2)δ/κ0.
Since Ne(s) rotates counterclockwise at a rate of at least κ0 radians per unit time,
there is an s1 ∈ (0, (C0 + 2)δ/κ0) at which Ne(s1) has a positive component in the
∂/∂τ2 direction, and by (6.12) and (6.13), Nĥ(s1) also has a positive component
in the ∂/∂τ2 direction. Moreover, s1 may be chosen so that Ne(s) and Nĥ(s) have
positive components in the ∂/∂τ1 direction for all s ∈ [0, s1]. Each vector in Ẑ with
basepoint in the τ2 > 0 region has a positive component in the ∂/∂τ1 direction and
a negative component in the ∂/∂τ2 direction. Thus the signed Euclidean angle from
Ẑα̂(s) to Nĥ(s) changes from being negative at s = 0 to being positive at s = s1.
Both Nĥ(s) and Ẑα̂(s) are continuous unit vector fields along α̂(s), 0 ≤ s ≤ s1. By
the intermediate value theorem, there exists s2 ∈ (0, s1) such that Nĥ(s2) = Ẑα̂(s2).
Since Nĥ(s2) is a lift to T
1(F̂ (ǫ)) of ϕtn(σ(s2)), it follows that v+ = σ(s2) has the
required properties. The existence of v− also follows, since we may replace ρ by −ρ
in the above proof. 
Proposition 6.9. Let ρ be the closed geodesic constructed in Section 2. For each
(x, y) ∈ S × S there exists an infinite family of distinct geodesics γn : [0, Ln] →
S, n = 1, 2, . . . , from x to y with limn→∞ Ln = ∞ satisfying the following: for
every ǫ > 0, there exists T = T (ǫ) > 0 and N = N(ǫ) such that for n > N and
t ∈ [T, Ln − T ], we have dist(γn(t), tr(ρ)) < ǫ. Suppose ρ˜ and (F˜ (ǫ0), h˜) are as
in Section 5, and we are given a choice of Fermi coordinates (τ1, τ2) on (F˜ (ǫ0), h˜)
such that τ1 is the coordinate along ρ˜ and τ2 is the coordinate along geodesics
perpendicular to ρ˜. Then the geodesics γn can be chosen so that if 0 < ǫ < ǫ0 and
n > N, there exists a lift γ˜n|[T, Ln − T ] of γn|[T, Ln − T ] to F˜ (ǫ0) such that
0 < τ2(γ˜n(t)) < ǫ, for t ∈ [T, Ln − T ].
Proof. Let x, y ∈ S, and for 0 < ǫ ≤ ǫ0, let F (ǫ), F̂ (ǫ), F˜ (ǫ) be the closures
of the ǫ-tubular neighborhoods of ρ, ρ̂, ρ˜, respectively, as defined in Section 5.
Suppose we are given a choice of Fermi coordinates (τ1, τ2) along ρ˜ on F˜ (ǫ0). Let
(ǫn)n=1,2,... be any sequence with ǫn ↓ 0 and ǫ1 < ǫ0. We will construct a sequence
of geodesics γn : [0, Ln] → S, n = 1, 2, . . . , from x to y and sequences (Tn)n=1,2,...
with 0 < Tn < Ln/2, Tn ↑ ∞, such that
dist(γn(t), tr(ρ)) < ǫm, for t ∈ [Tm, Ln − Tm] and n ≥ m ≥ 1.
Moreover, we will show that there is a lift γ˜n of γn|[T1, Ln− T1] to F˜ (ǫ0) such that
(6.20) 0 < τ2(γ˜n(t)) < ǫm, for t ∈ [Tm, Ln − Tm] and n ≥ m ≥ 1.
This will imply the conclusion of the proposition, because for any given ǫ > 0, we
may choose m such that ǫm < ǫ, and let N(ǫ) = m and T (ǫ) = Tm.
By Proposition 6.6, there exist vectors vx ∈ T 1xS, vy ∈ T 1yS such that γvx and γvy
are asymptotic to ρ and −ρ, respectively, and for T sufficiently large, the second
Fermi coordinate of the lifts of γvx |[T,∞) and γvy |[T,∞) to F˜ (ǫ0) is always positive.
Let σx : [0, a0] → T 1xS and σy : [0, b0] → T 1yS, for some a0, b0 > 0, be one-to-one
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regular C1 curves with σx(0) = vx, σy(0) = vy, such that for all sufficiently large
t, the derivative with respect to s at s = 0 of the curve of basepoints of ϕt(σx(s))
has a positive component in the ∂/∂τ2 direction, and similarly for ϕ
t(σy(s)). If
x ∈ ∪qi=1Di, then vx and the curve σx can be chosen so that σx(s) is approximately
in the radial direction for all s ∈ [0, a0], and similarly if y ∈ ∪qi=1Di. Thus the curves
ϕtσx and ϕ
tσy are approximately unstable for t ≥ R, where R is as in Lemma 3.11.
ϕTn(σy)x σx
γvx
ρ
ϕTn(σx)
y
σy
γvy
Figure 6.2. Matching a geodesic starting at x with a geodesic
starting at y.
Let T0 = R, and let a0 and b0 be as above. We will choose Tn, tx,n, ty,n, an,
and bn inductively so that for n = 1, 2, . . . , we have the following: Tn > Tn−1,
Tn+1 > max(tx,n, ty,n), 0 < an < an−1, and 0 < bn < bn−1. Further conditions
on these parameters will be imposed below. We require Tn to be sufficiently large
so that γvx |[Tn,∞), γvy |[Tn,∞) have lifts γ˜x,n, γ˜y,n, respectively, in F˜ (ǫ0) so that
dist(γ˜x,n(t), tr(ρ˜)) < ǫn/2 and dist(γ˜y,n(t), tr(ρ˜)) < ǫn/2 for t ≥ Tn. We let σ˜x,n,
σ˜y,n be lifts to F˜ (ǫ0) of ϕ
Tn(σx|[0, an]), ϕTn(σy|[0, bn]), respectively, where an, bn
are chosen so that the curve of basepoints of σ˜x,n(s), for 0 ≤ s ≤ an, and the
curve of basepoints of σ˜y,n(s), for 0 ≤ s ≤ bn, have length less than ǫn/2. Later
we will impose an additional condition relating the choices of the lift σ˜x,n and
the lift σ˜y,n. We let γ˜x,n and γ˜y,n be lifts of γvx |[Tn,∞) and γvy |[Tn,∞) chosen
so that γ˜′x,n(Tn) = σ˜x,n(0) and γ˜
′
y,n(Tn) = σ˜y,n(0). We will show that there exist
t¯x,n, t¯y,n > Tn and a¯n ∈ (0, an), b¯n ∈ (0, bn) such that γσx(a¯n)|[0, t¯x,n] joins smoothly
to −(γσy(b¯n)|[0, t¯y,n]) at γσx(a¯n)(t¯x,n) = γσy(b¯n)(t¯y,n), to form a geodesic γn from x
to y of length Ln > 2Tn. Our construction will be such that dist(γn(t), tr(ρ˜)) < ǫm
for t ∈ [Tm, Ln − Tm], for 1 ≤ m ≤ n.
Since σx and σy and their images under ϕ
t, for t ≥ R, are approximately unstable,
the curvatures of σ˜x,n and σ˜y,n are positive. For t ≥ Tn, let Ex,n(t) be a unit normal
field along γ˜x,n(t) chosen so that Ex,n(Tn) is in the same direction as the derivative
at s = 0 of the curve of basepoints of σ˜x,n(s). Let Jx,n(t) = jx,n(t)Ex,n(t) be the
Jacobi field Jx,n(t) = (d/ds)|s=0γσ˜x,n(s)(t−Tn), for t ≥ Tn. Since j′x,n(Tn)/jx,n(Tn)
is equal to the curvature at s = 0 of the curve s 7→ γσ˜x,n(s)(0) (as explained in
Section 3) and jx,n(Tn) > 0, we have j
′
n,x(Tn) > 0. Therefore, if we extend the
geodesic γ˜x,n|[Tn,∞) for t < Tn up to the point where γ˜x,n exits F˜ (ǫ0) and let
tr(γ˜x,n) denote the trace of this extended geodesic, then for an sufficiently small
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Yn
Xn
Yn
ρ˜
τ2 = ǫn
σ˜x,n(an)
σ˜x,n
σ˜x,n(0) = γ˜
′
x,n(Tn)
γ˜y,n γ˜x,n
γσ˜x,n(an)
β˜n
τ1 = τ1,n
σ˜y,n(bn)
σ˜y,n
σ˜y,n(0) = γ˜
′
y,n(Tn)Xn
Xn
Yn
Figure 6.3. Foliations of the regions Rx,n and Ry,n
and s ∈ (0, an], the distance between γσ˜x,n(s)(t) and tr(γσ˜x,n(0)) is an increasing
function of t near t = 0. By the convexity of this function, it follows that γσ˜x,n(s)(t)
must leave F˜ (ǫn) at some tx,n,s > 0.
The geodesic γ˜x,n(t), t ≥ Tn, and the geodesics γσ˜x,n(s)(t), 0 ≤ t ≤ tx,n,s, 0 <
s ≤ an, form a foliation of a region Rx,n in F˜ (ǫn) bounded on four sides by γ˜x,n(t),
t ≥ Tn; the curve of basepoints of σ˜x,n(s), 0 ≤ s ≤ an; γσ˜x,n(an)(t), 0 ≤ t ≤ tx,n,an ;
and {(τ1, τ2) ∈ F˜ (ǫn) : τ1 ≥ τx,n, τ2 = ǫn}, where τx,n is the τ1-coordinate of
γσ˜x,n(an) at the time it leaves F˜ (ǫn). The geodesics in this foliation cannot intersect
each other, because the curvature is negative in F˜ (ǫn), which implies that there
are no focal points in F˜ (ǫn). Let Xn be the unit vector field on Rx,n consisting of
the tangent vectors to the geodesics forming this foliation. There exists τx,n such
that the region Rx,n contains all points in F˜ (ǫn) with τ1 ≥ τx,n that lie above
tr(γ˜x,n). Similarly, we may construct a vector field Yn on a region Ry,n in F˜ (ǫn)
foliated by the geodesic γ˜y,n(t), t ≥ Tn, and the geodesics γσ˜y,n(s)(t), 0 ≤ t < ty,n,s,
0 < s ≤ bn, where ty,n,s is the time at which γσ˜y,n(s) exits F˜ (ǫn). There exists τy,n
such that the region Ry,n contains all points in F˜ (ǫn) with τ1 ≤ τy,n that lie above
tr(γ˜y,n). Let Tx,n > Tn and Ty,n > Tn be times at which τ1(γ˜x,n(Tx,n)) ≥ τx,n and
τ1(γ˜y,n(Ty,n)) ≥ τy,n.
Consider the projections γ̂x,n, γ̂y,n of γ˜x,n, γ˜y,n, respectively, to F̂ (ǫn). Since γ̂x,n
and γ̂y,n approach ρ̂ from the same side (τ2 > 0), but with opposite orientations,
they intersect infinitely often. Thus there exist tx,n > Tx,n and ty,n > Ty,n such
that γ̂x,n(tx,n) = γ̂y,n(ty,n). We now impose the additional condition that the lifts
σ˜x,n and σ˜y,n be chosen so that γ˜x,n(tx,n) = γ˜y,n(ty,n).
Let (τ1,n, τ2,n) be the (τ1, τ2) coordinates of γ˜x,n(tx,n). At (τ1,n, τ2,n) both Xn
and Yn have negative components in the ∂/∂τ2 direction, and Xn has a positive
component in the ∂/∂τ1 direction, while Yn has a negative component in the ∂/∂τ1
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direction. At (τ1,n, ǫn) both Xn and Yn have positive components in the ∂/∂τ2
direction, and Xn still has a positive component in the ∂/∂τ1 direction, while Yn
still has a negative component in the ∂/∂τ1 direction. Therefore the Euclidean
angle from Xn to Yn measured in the counterclockwise direction changes from
being greater than π to being less than π along the vertical segment τ1 = τ1,n,
τ2,n ≤ τ2 ≤ ǫn. By the intermediate value theorem, there is a point pn along
this segment such that the angle from Xn to Yn is π. We let a¯n ∈ (0, an), b¯n ∈
(0, bn), and t¯x,n, t¯y,n > Tn be such that γσ˜x(a¯n)(t¯x,n) = pn = γσ˜y(b¯n)(t¯y,n) and
γ′σ˜x,n(a¯n)(t¯x,n) = −
(
γ′
σ˜y,n(b¯n)
(t¯y,n)
)
. We join γσ˜(an) and −γσ˜(bn) at pn to form a
geodesic β˜n from the basepoint of σ˜(a¯n) to the basepoint of σ˜(b¯n) in F˜ (ǫn), and we
let βn be the image of β˜n under the projection from F˜ (ǫn) to F (ǫn). The geodesic
γn : [0, Ln] → S from x to y is defined to be the concatenation of γσx(a¯n)|[0, Tn],
βn, and −
(
γσy(b¯n)|[0, Tn]
)
. It follows from the construction that the second Fermi
coordinate of β˜n is everywhere positive and less than ǫn, as required. Moreover, if
1 ≤ m < n, then β˜n can be extended by joining it to lifts to F˜ (ǫm) of γσx(a¯n)|[Tm, Tn]
and −(γσy(b¯n)|[Tm, Tn]). For this extension of β˜n, the second Fermi coordinate is
everywhere positive and less than ǫm. This implies (6.20). 
The following theorem is a special case of a theorem of S.  Lojasiewicz [20]. (See
also Theorem 4.4 in the expository article [7].)
Theorem 6.10. Suppose M is a connected real analytic surface, K is a compact
subset of M, and f : M → R is a real analytic function. Assume that f does not
vanish identically on M. Then there exists a finite set of points P ⊂M and a set A
consisting of the union of finitely many real analytic curves on M , where P and/or
A may be empty, such that
{y ∈ K : f(y) = 0} = K ∩ (P ∪A).
Proposition 6.11. If T > 0, and (x, z) ∈ S × S, then there are at most finitely
many unit speed geodesics from x to z of length less than or equal to T.
Proof. Suppose the lemma were false. Then there exists an infinite sequence γn :
[0, T ] → S of unit speed geodesics with γn(0) = x and γn(tn) = z for some tn ∈
[0, T ]. By passing to a subsequence of (γn)n=1,2,... and reindexing, we may assume
that limn→∞ tn = t0 ∈ (0, T ] and limn→∞ γ′n(0) = v0 ∈ T 1xM. Let f : TxS → R
be defined by f(v) = (dist(expx v, z))
2. Since y 7→ (dist(y, z))2 is a real analytic
function in a neighborhood of z, there exists an open disk M about t0v0 in TxS
such that f restricted to M is real analytic. Let K be a closed disk about t0v0 that
is contained inM. Since f vanishes on an infinite subset of K, Theorem 6.10 implies
that there exists a non-trivial real analytic curve α(s), −δ < s < δ, in TxM such
that f(α(s)) = 0 for all s ∈ (−δ, δ). Consider the variation by (not necessarily unit
speed) geodesics, s → exp(tα(s)) , where 0 ≤ t ≤ 1. These geodesics pass through
x when t = 0, and they pass through z when t = 1. By the first variation formula
for arc length (see, e.g., [12]), (d/ds)(|α(s)|) ≡ 0. Thus there exists L > 0 such
that |α(s)| = L for all s ∈ (−δ, δ). This implies that f vanishes along an arc of the
circle |v| = L. Therefore f vanishes identically on this circle. Thus every unit speed
geodesic starting at x passes through z at time L. We can repeat this argument
at z to conclude that every unit speed geodesic starting at z passes through x at
time L. Hence every unit speed geodesic starting at x is at a point conjugate to
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x along that geodesic at times t = L, 2L, 3L, . . . . However, by Proposition 6.6,
there is a geodesic starting at x that eventually remains in the negative curvature
region, which implies there are at most finitely many points conjugate to x along
this geodesic. This is a contradiction. 
Lemma 6.12. Let (x, y) ∈ S × S and suppose γn : [0, Ln] → S, n = 1, 2, . . . ,
is an infinite family of distinct geodesics from x to y as in Proposition 6.9. If
Ω is a finite subset of S, then there exists an infinite subsequence (γnk)k=1,2,... of
(γn)n=1,2,... such that γnk((0, Lnk)) ∩ Ω = ∅ for k = 1, 2, . . . .
Proof. Let Σ ⊂ S be the set of self-intersection points of ρ. If Σ 6= ∅, then there
exist ǫ1 > 0 and C > 1, depending on the angles made by ρ at points in Σ, such
that if z is in the ǫ1-neighborhood of tr(ρ), and z has at least one representation in
Fermi coordinates (τ1, τ2) along ρ with τ2 6= 0, then z /∈ Σ and
(6.21) 0 < dist(z,Σ) < C|τ2|.
Let α1 = min{dist(z, tr(ρ)) : z ∈ Ω \ tr(ρ)} and α2 = min{dist(z,Σ) : z ∈ (Ω ∩
tr(ρ)) \ Σ}. (We define min(∅) = ∞.) Let 0 < ǫ < min(ǫ1, α1, α2/C), and let
T = T (ǫ) and N = N(ǫ) be as in Proposition 6.9. For n > N, there exists a smooth
choice of the coordinate τ2 along γn|[T, Ln − T ] such that
0 < |τ2(γn(t))| < ǫ,
for t ∈ [T, Ln − T ]. If a point γn(t), for some n > N and some t ∈ [T, Ln − T ], is
in tr(ρ), then it is not in Σ, and it is closer to Σ than any point in (Ω ∩ tr(ρ)) \Σ.
If it is not in tr(ρ), then it is closer to tr(ρ) than any point in Ω \ tr(ρ). Therefore
γn([T, Ln − T ]) ∩ Ω = ∅, for n > N. By applying Proposition 6.11 to points of the
form (x, z) or (y, z), where z ∈ Ω, we see that there exist infinitely many n > N
such that γn
(
(0, T ) ∪ (Ln − T, Ln)
) ∩Ω = ∅. 
Below is the proof of our main result.
Proof of Theorem 2.3. Let (x, y) ∈ S × S, and let γn : [0, Ln] → S, n = 1, 2, . . . ,
be an infinite family of distinct geodesics from x to y as in Proposition 6.9. By
applying Lemma 6.12 to Ω = {x, y} and passing to a subsequence and reindexing,
we may assume that the geodesics γn pass through x and y only at the endpoints.
We will prove inductively that there exists a strictly increasing sequence of pos-
itive integers n1, n2, . . . , such that
(6.22) no three of γn1 , γn2 , . . . , γnk are concurrent except at x and at y.
We may take n1 = 1 and n2 = 2. Then (6.22) is clearly satisfied for k = 1, 2. Now
assume k ≥ 2 and we have found n1 < n2 < · · · < nk such that (6.22) holds. We
will show that we can choose nk+1 > nk such that (6.22) holds with k replaced by
k + 1. We now apply Lemma 6.12 with
Ω =
⋃
1≤i<j≤k
(
γni((0, Lni)) ∩ γnj ((0, Lnj ))
)
.
Since the geodesics γn pass through x and y only at the endpoints, Ω is a finite set.
Thus Lemma 6.12 implies that there exists nk+1 > N such that γnk+1((0, Lnk+1))∩
Ω = ∅, and (6.22) holds with k replaced by k + 1. Therefore there exists an in-
finite sequence of positive integers n1, n2, . . . such that no three of γn1 , γn2 , . . .
are concurrent except at x and at y. Since any point can be in at most two of
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γn1((0, Ln1)), γn2((0, Ln2)), . . . , it follows that there does not exist a finite blocking
set for (x, y).

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